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Abstract

This philosophise doctor thesis has thirteen companion papers. The major part
is a theoretical and simulation study of a class of liquids referred to as strongly
correlating liquids. However, one chapter is dedicated to a study of thermodynamic
uctuations of simulated phospholipid membranes, and ancther to a simulation study
of crystallization of a binary mixture. The thesis also includes a short intro duction
to supercooled viscousliquids and molecular dynamics simulations. The nal chapter
is an outlook. The conclusions are as follows:

A classof model liquids exhibit strong correlation in the thermal uctuations of
the virial and potential energy at constant volume. The origin of the correlation is
explained for the Lennard-Jones liquid. The pair energy can to a good approxima-
tion be replaced by an inverse power-law plus a linear term. At constant volume
only the inverse power-law gives a contri bution to uctuations, thereby explaining
the correlation. Two quantities characterize a strongly correlating liquid: i) A cor-
relation coe cien t, R, that determine the degree of correlation and ii) a slope, ,
that determine the proporti onality betweenvirial and potential energy. If the corre-
lation coe cien t is closeto unity the liquid is strongly correlating and 3 equalsthe
exponent of the inverse power-law.

For viscous liquids, the correlation coe cien t equalsthe inverse square-root of a
Prigogine-Defay ratio de ned from three response functions. Also the slope can be
determined from responsefunctions. Literature valuesof the classical Prigogine-Defay
suggeststhat van der Waals bonded liquids in general are strongly correlating.

Strongly correlating viscousliquids are more simple than viscousliquids in general:
i) Slow dynamics are determined by a single relaxing parameter. Thus, time- and
frequency-dependert responsefunctions of a given ensenble are proportional. ii) Scale
invariance is inherited from soft-sphereliquids though the e ectiv e inverse-power law.
Thus, state points with the samevalue of =T have the same scaled structure and
dynamics. These conclusionsare veri ed in simulations.

Slow thermal uctuations of volume and energy of simulated phospholipid mem-
branes are strongly correlated. The origin of the strong correlation can be traced to
the van der Waals bonded core of the membranes and, thus, have the sameorigin as
simple strongly correlating liquids.

The last part of the thesis reports crystallization into the MgZn, Laves phase of
the binary Lennard-Jones mixture suggestedby Wahnstrém [1991]. The crystalliza-
tion mechanism from the supercooled melt is investigated in detail.



Abstract in danish:

Denne philosophize doctor afhandling er ledsaget af tretten artikler. Hoveddelen
er et teoretisk og simulerings studie af en klasseaf vaesler refereret til som steerkt ko-
rrelerede vaesler. Dog er et kapitel dedikeret til et studie af termiske uktuationer af
simulerede phospholipidmembraner, og et kapitel til et simuleringstudie af krystallis-
ering af en binzer blanding. Afhandlingen inkluderer ogsa en kort intro dukti on til
underafkglede visk@gseveesler samt molekyledynamik simuleringer. Det sidste kapitel
omhandler fremtidige undersgelser. Fglgendeer konkluderet:

En klasseaf modelveesler udviser ved konstant volumen en steerk korrelation i de
termiske uktuationer af virial og potentiel energi. Korrelationens ophav er forklaret
for Lennard-Jones vaesken. Parenergienkan med god tilneermelse erstattes med enin-
vers potensfunktion plus et lineeert led. Ved konstant volumen er det kun den inverse
potensfunktion som giver bidrag til uktuationer, og derved forklarer korrelationen.
To starrelser karakteriserer en steerkt korreleret veeske: i) En korrelationskoe cien t,
R, som bestemmer graden af korrelation og ii) en heeldning, , som bestemmer pro-
portionaliteten mellem virial og potentiel energi. Hvis korrelationskoe cien ten er
teet pa én, er veeslen steerkt korrelerende og 3 er lig med eksponerten af den inverse
potensfunktion.

For viskgseveesler er korrelationskoe cienten lig med den inverse kvadratrod af
en Prigogine-Defay kvotient de neret ud fra tre responsfunktioner. Heeldningen kan
ogsabestemmesud fra responsfunktioner. Veerdier af den klassiske Prigogine-Defay
kvotient fra litteraturen indik erer, at van der Waals veesler i almindelighed er steerkt
korrelerede.

Steerkt korrelerede viskgsevaesler er simplere end viskgseveaesler i almindelighed:
i) Langsom dynamik er styret af en enkelt relakserendeparameter. Derved er de tids-
og frekvensafhaengigeresponsfunktioner for et givet ensenble proportionale. ii) Ska-
leringsinvarians af soft sphere-vaesler nedarves gennem den inverse potensfunktion.
Derfor har tilstande med samme veerdi af =T den samme skallerede struktur og
dynamik. Simuleringer bekraefter disse konklusioner.

Simulerede phospholipidmem braners langsomme termiske uktuationer af volu-
men og energi er steerkt korrelerede. Forklaringen pa den staerke korrelation skal
ndes i den indre van der Waalske del af membranen. Derved er oprindelsen den
samme som for de steerkt korrelerede simple veesler.

Den sidste del af afhandlingen beretter om krystallisering ind i MgZn, Laves-fasen
af den bineere Lennard-Jones blanding foreslaet af Wahnstrom [1991]. Mekanismen
for krystalli sering af den underafkglede smelte er undersggti detaljer.



Preface

This is the philosophige doctor (Ph.D.) thesis of Ulf Rarbeek Pedersen. The
Ph.D. was initiated February 1st 2006 and the thesis was submitted January
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The thesis have thirteen companion papers (listed below). The purposeof
the thesisis to guide the readerthough thesepapers. The readerwill, however,
have to consult the papersto get the full story. Also, parts of the thesis goes
beyond the papers.
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Chapter 1

Intro duction

The purpose of this chapter is to give a short introduction to the eld of
supercooled viscousliquids (Section 1.1) and molecular dynamics simulations
(Section 1.2). Section 1.3 givesan outline of the remainder of the thesis.

1.1 Supercooled viscous liquids

Imagine we are cooling a liquid asshawn in Figure 1.1. Below sometemperature
Tm the free energy per particle of the crystal .y becomeslower than that of
the liquid iq. According to thermodynamics, the moleculesshould now form
a crystal to lower the free energy Howewer, making this experimenrt, in a
computer or in the laboratory, the crystal might rst form below T, or newver.
The liquid is said to be supercooledat T < Ty,.

To get insight on supercooling, recall classcal nucleation theory in its sim-
plest form [Volmer and Weber, 1926, Beder and Doring, 1935]. Imagine that
for some reason a spherical crystallite had actually formed in the liquid at
T < Tm. Let N be the number of particles, r. the radius and . = lN—ﬂ
the density of the crystallite. The stability of this crystallite is given by3 the
Gibbs free energy G relative to the liquid. Bulk particles in a crystalline en-
vironment will give a negative volume cortribution; G, = % rd . where

= g ay. Howewer, the solid-liquid surface tension 1 will give a
positive surface cortribution; Ggys = 4 r§ 1 , thereby destabilizing the crys-
tallite. Surfacearea scalesasr2 and volume asr2, soif the crystallite is big
enough, the negative volume contribution dominates and the crystallite will
grow; @@C G < O for large r, where G = Ggyf + Gyo. Howewer, at some
critical sizethe surfacecontribution and the volume contribution will balance

@ _
out. a. G = 0, when

_ 23 _ 16 3

re - and G 32 )2
Crystallites smaller than r_ are unstable. The crystallite leading to crystal-
lization is referred to as the critical nucleus. Remenber that (Tm) Oby
de nition, thus, the sizer. and barrier height G of the critical nucleusis
in nitely large at the melting temperature. Therefore all liquids can be su-
percooled since all crystallites are unstable at Tr,,. If we wait long enough at
T < T, athermal uctuation will eventually form the critical nucleusand the

(1.1)

1



1. Intr oduction
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Figure 1.1: Volume of Selsmium in dierent phases. At cooling rates of 0.5
degreeper minute and 0.005 degreeper minute crystallization is avoided. At
these cooling rates, nothing special is obsened when passingthe melting tem-
perature at T, = 220 %o.. Note the change of slope at temperature Tg; and
Tk 2 enlargeon the upper inset. This is a result of a glasstransition. The gure
is reprinted from Reference[Dyre, 2006], however, the original gure is from
Reference[Owen, 1985]with data from Dzhalilo and Rzaev[1967].

liquid will nd its true equilibrium state. Howewer, in the time of an experi-
ment or simulation this might never occur. Therefore, the liquid is said to be
in a metagable equilibrium sincethe liquid behavesasif it wasin a true equi-
librium. It should be noted that classical nucleation theory is only adequate
closeto T, [Debenedetti, 2006].

Now, considera liquid where crystallization do not occur. As the thermal
energy is lowered it becomesmore dicult for particles to overcome energy
barriers assaiated with ow events. The liquid becomeshighly viscous. If
we disturb the system it will take sometime for the liquid to nd its new
(metastable) equilibrium state, characterized by a structural relaxation time

At some temperature!, referred to as the glass transition temperature
Ty, will becomelonger than the time-scalesof the experiment or computer
simulation. Structure cannot relax, and the liquid falls out of (metastable)
equilibrium. The liquid is now in a so-calledglassy state as shavn in Figures

1To make Tq well-den ed, it is often dened as (Tg) = 100 seconds. Here we will
loosely de ne Ty as the temperature where we cannot bring the system to its (metastable)
equilibrium state.

2



Supercooled viscousliquids

Figure 1.2: Logarithm of viscosity as a function of inverse temperature for
seweral liquids. A straight line in this plot corresponds to an Arrhenius law,
Equation 1.2. Ty is dened as (Ty) = 10'2 Pas. According to the Maxwell
model [seeDyre, 2006], the relaxation time is given by = =G; . If as-
suming that the instantaneous shear modulus G; is constart, then viscosity
is proportional to the relaxation time, (T)/ (T). Note that someliquids,
like SiO,, follows the Arrhenius law to a good approximation, while others,
like o-terphenyl (OTP), have a signi cant non-Arrhenius growth of structural
relaxation. Seealso Figure 1.8. This gure is originally from Reference[An-
gell, 1985] (data of heat-capacity is removed from original gure for clarity)
and reprinted from [Dyre, 20086].

1.1. The solid glassis di erent from the solid crystal, sincethe structure is not
ordered, but hasinherited the disordered structure of the liquid.

Let us take a look at the temperature dependencyof . In a situation
wherethere is only one energybarrier E 5, the relaxation time would follow an
Arrhenius law [Debenedetti and Stillin ger, 2001]

_ Ea .
(T)= oexp T 1.2)

Figure 1.2 shows (a measureof) relaxations times asa function of inversetem-
perature for a broad colledion of liquids. Structural relaxation of someliquids,
like the covalent bonded SO, follow this equation to a good approximation.
Presumably, E, is related to breaking bonds neededfor ow. Others liquids,

3



1. Intr oduction

like the van der Waals bonded o-terphernyl (OTP), have a more dramatic in-
creaseof . Apparently, the energy barriers for this kind of liquids increase
as the liquid is cooled; @T@T)EA (T) > 0. Many theoretical descriptions even
predict a divergenceof EA(T) at some nite temperature To. Experimertal
data, however, neither con rms nor rejects such a divergence[Hedksher et al.,
2008]. Generally, changing volume V will alsoin uence , sowe should write

(V;T). Explaining the non-Arrhenius behavior of fragile liquids is one of the
great puzzlesof viscousliquids [Dyre, 2006].

Another great puzzle of viscous liquids relates to how various quartities
relax to equilibrium after adisturbance. Let A(t) = A(t) bAi bethe distance
to equilibrium of some obsenable like internal energy pressure or volume.
Again, consider a simple situation where the liquid only have to overcomea
single energybarrier to relax. In this scenariorelaxation would be exponertial,

A(t) = Agexp t (1.3)

However, virtually no liquids behave this way suggestingsome distribution of
energy barriers.

The studies presenied in this thesis utilize molecular dynamics simulations
of supercooled viscousliquids. An introduction to this is givenin the following
section.

1.2 Molecular dynamics simulations

Computers can make an incredible amount of repetitiv e calculations. For this
reason,computational methods play an important role in the eld of condensed
matter. A popular method is molecular dynamics simulations [ten Wolde and
Frenkel, 1998,Allen and Tildesley, 1987]. To illustr ate the basic conceptof this
method, imagine that we want to simulate a liquid of Argon atoms. Our rst
assumption will be that dynamics can be described using classi@al medanics.
Next, we need some model of forces between atoms, referred to as the force-
eld. For simplicity we will assumethat Argon atoms only interact pairwise
with aforceF; (rj ), wherer; is the distance betweenparticle i andj. Imagine
we have a box with N particles. We needto considerwhat to do with the walls
of the box. We could put some repulsive interactions at the walls, however,
then we would be investigating a liquid closeto a wall. For a better simulation
of bulk properties we can make use of periodic boundaries as illustrated in
Figure 1.3. The result is that there is no wall, although, due to the limited size
of the system, there can still be nite sizee ects.

From an initial con guration of positions and velocities we can integrate
the classial equationsof motion numerically. A numerical integration consists
of a simple repetitiv e calculation and is therefore ideal for computers. There
are numerousalgorithms for numerical integrations. A crucial choiceis the size
of numerical time step, dtS®P. A large time-step is be preferable, since we are
interested in long times. The fastest vibrations, however, set an upper limit
for the time step. The longesttimes of the simulation is determined by the
available computer power and the complexity of the system. At present day, a
systemof 1000particles can be investigatedin a tim e-window of 10 4 seconds
to 10 4 seconds(Figure 1.7).

4



Molecular dynamics simulations

Figure 1.3: lllustration of four particles con ned in a box with periodic bound-
aries. Image boxes are displayed with dashedlines.

In a simulation as preseried here the number of particles, volume and to-
tal energy are constart. Thus, such a simulation is of the NVE ensenble.
Algorithms? have been developed to keep temperature and/or pressure con-
stant, making NVT and N pT simulations possible. In long-time simulations a
thermostat is preferable since numerical errors make the total energy drift in
NVE.

Before we can preform an actual simulation we needto specify a force- eld.
In the following we will think in terms of pair energy U; (r). This is just an
other way of writing the force. F\“l is natural to choseto have zero energy at
rj =1 andtherefore U (r) =~ Fj (r)dr.

Now, let us think of a good expressionfor U; (r). Recall that induced
dipole - induced dipole attraction, known as London dispersion forces, act
betweenall atoms [Atkins and de Paula, 2002,0r a similar standard textb ook].
The pair energy assaiated with this is UijLondon /r ©. Bringing two atoms
closetogether will result in a repulsion since electron-clouds cannot overlap.
For this we should choose some function with a steep divergenceat r = 0.
Traditionally U;*® / r 12 is used. Putting this together we obtain the so-
called Lennard-Jonespotential [Lennard-Jones,1931],

12 6
U(ry=4 - - (1.4)
r r
We will refer to this as the Lennard-Jonesliquid. Note that " de nes the
energy sale, the length scaleand unit of massis de ned by the massm of
the particles. Dimensionlessversionsof physical quantities can be de ned from
thesethree. As an example, a dimensionlesstime can be de ned as

=t — (1.5)

Somegood valuesfor Argon are"” = 0:997kJ/mol, = 0:34nm and m = 39:95
u [van der Spoel et al., 2006]. Using this we have t = t%2:15 ps.

2In the simulations presented in this theses, the NoséHoover thermostat [Nosé, 1984,
Hoover, 1985] and the Nosé-Hoover Langevin barostat [Feller et al., 1995] are used.



1. Intr oduction

Figure 1.4: Pair potentials of two binary Lennard-Jonesmixture; the parame-
ter suggestedby Wahnstrom [1991] and Kob and Andersen [1994]. The pa-
rameters for the Wahnstrom mixture are gg = 1.2 aa, a8 = 11 aa,
"aa = "ag = "B, Mg = 2mp and Np = N = 512( B — 05) in a
volumeV = (11:094 aa )3. The parametersfor the Kob-Andersenmixture are

Be = 0:88 aa, A = 0:80 an, "B = 0:5"aa, "aB = 15"an, Ma = mp,
Na = 800 Ng = 200( g = 0:2) in avolumeV = (9:4 an)3. The Kob-
Andersen mixture is by far the most well-studied.

The Lennard-Jonesliquid can easily form a (defected) face certer cubic
crystal and it haslimited usein the study of supercooled viscousliquids since
crystallization will occur beforeit becomesviscous. Clarke [1979]did, however,
investigate the glasstransition. Crystallization can be avoided by make more
complicated models. It is desirableto keep models as simple as possible so
they are computationally cheap. The following subsectionbrie y describesthe
models investigated in this thesis.

1.2.1 Simulated systems

Below is a list of models| have simulated. Where nothing elseis noted, simula-
tions where preformedusingthe Gromacssoftware padkage[van der Spoel et al.,
2006]. Analysis of the tra jectorieswheredoneusingthe Gromacssoftware padck-
age, home-made Octave scripts [http://www.gn u.org/software/octave/] and
home-made FORTRA N90 code. Pictures of con gurations are made using
VMD [Humphrey et al., 1996]assbted with home-madecode.

Lennard-Jones liquid: 864 Lennard-Jonesparticles.

Kob-Andersen binary Lennard-Jones mixture: 800typeA and200type
B Lennard-Jonesparticles. The parameters for the three kinds of pair



Molecular dynamics simulations

Figure 1.5: The chemical structure of o-terphernyl (OTP), CgH4(CsHs)2, and a
represenation of the model suggestedby Lewis and Wahnstrém [1994] where
circles represert Lennard-Jonespatrticles. The Lennard-Jonesparameters are
"= (600K)kg, = 0:483nm andm = 76:768u. The certer of the Lennard-
Jones particles are located in the corners of rigid isoscelestriangle with two
sidesof length and one angle of 75°.

Figure 1.6: The potential energyin di e rent phasesof the Wahnstrém binary
Lennard-Jonesliquid at g = 1=3. Note that traditionally the 5 = 1=2
composition is simulated (see Figure 1.4). SeeChapter 6 and Paper Il for
more about the stability of this mixture. Note that the phenomenologyis the
sameas seenin Figure 1.1 for Selenium. Similar phenomenologyis found for
liquids in general.



1. Intr oduction

Figure 1.7: Mean square displacemert, h( r(t))%i = hje(t) #(0)j)%i, of A
and B particles of the Kob-Andersenbinary Lennard-Jones mixture. At ultra
short times particleshave not felt ead other, and displacemerts are ballistic,
h r(t)?% = (vmt)? where vy, is the root mean squarevelocity. At long-times
displacemerts becomedi usiv e, W r(t))%i = 6Dt, where D is the di usion
constart. At low temperatures, T < 0:5, particles become caged in the
intermediate region.



Molecular dynamics simulations

Figure 1.8: Reduced inverse diusion constat (D ) 1 =
D Y(N=V) (kg T=m)}*? as a function of inverse temperature in a
simulation of the Lewis-Wahnstrom model of OTP. (D ) ! relates to some
characteristic di usion time. A straight line in this plot correspondsto an
Arrhenius law, Equation 1.2. Note that at high temperature (D ) ! follows
an Arrhenius law, but not at lower temperature. A non-Arrhenius behavior at
low temperature is also found for experimental data of OTP (seeo-terphenyl
(OTP) in Figure 1.2).

energies,ULA (r), Uga (r), UL (r), are gg = 0:88 aa, ag = 0:80 an,
"sg = 0:5"an, "as = 1:5"aa . The pair potentials are shown in Figure
1.4. This model was suggestedby Kob and Andersen[1994]and is one
of the most well-studied model viscousliquids.

W ahnstrém binary Lennard-Jones mixture: 500type A and 500type B
Lennard-Jonesparticles with the interaction parameters gg = 1:2 aa,
s = L1 an, "aa = "ag = "gg and massesmg = 2mp. The pair
potentials are shavn in Figure 1.4. This model was suggestedoy Wahn-
strom [1991].

Lewis-W ahnstrom OTP model: Lewisand Wahnstrom [1994]suggestedo
connectthree identical Lennard-Jonespatrticles with rigid bonds asa toy
model of o-terphenyl (OTP). The LINCS algorithm [Hesset al., 1997]is
usedfor making rigid bonds (in all the models). SeeFigure 1.5 for more
details about this model.

Asymmetric dum bbells: A systemof asymmetric dumbbells asa toy model
of toluene, where a phenyl-group, CeHs-, and the methyl-group, -CHgs

9



1. Intr oduction

where represetied as Lennard-Jonesparticles.

Seven-site model of toluene: A model of toluene, CeHsCH3, were CHy
groups (werex is either 0, 1, or 3) are simulated as Lennard-Jonesparti-
clesconnectedby rigid bonds. The UA-OPLS parameter set [Jorgensen
et al., 1984] where usedfor bond lengths and interaction parameters.

SPC/E water: Three-site model of water suggestedy Berendsenet al. [1987].

GR OMOS methanol: Three-site model of methanol, CH3;OH, where CHjs,
O and H are simulated aschargedLennard-Jonesspheres. The GROMOS
parameter set [van Gunsteren et al., 1996]was usedfor bond lengths and
interaction parameters.

Phospholipid mem branes: Sewen phogholid membranes where simulated
usingamodi ed versionofthe all-atom CHARM M27 [Foloppe and MacK-
erell, 2000] parameter set. SeeChapter 5, References[Pedersen,2005,
Pedersenet al., 2006, 2007 Sonre et al., 2007],and/or Paper X for more
details. As a part of my master thesis [Pedersen,2005] | simulated one
of thesemembranes, however, the simulations preserted in this thesis are
conductedby Gunther H. Peters(using the NAMD2 program [Kale et al.,
1999)).

Model liquids shows the samephenomenologyasreal liquids. Figures 1.6to
1.7 exempli es this. Figure 1.6 shaws the potential energyin di erent phases
of the Wahnstrém binary Lennard-Jonesmixture. At the investigated cooling
rates of the liquid, crystallization is avoided and a glasstransition is obsened.
Recall that this is the samephenomenologyas shown in Figure 1.1.

Figure 1.7 shows the root mean squaredisplacemert h( r(t))?i = h(j(t)
+(0)j)?i of particles of the Kob-AndersenLennard-Jonesliquid. At short times
displacemerns are ballistic and at long times they are di usiv e. From this last
part of the curve, the diusion congant D can be determined, h( r(t))?%i =
6Dt. At low temperatures an intermediate plateau appears, where particles do
not move. At T = 0:366 particles are caged from 10 *? to 10 7 seconds(in
Argon units).

Figure 1.8showsthe di usion congant of moleculesof the Lewis-Wahnstrém
OTP model at dierent temperatures. At high-temperatures, the dius ion
constart follows an Arrhenius law. Howewer, at low-temperatures, di usion is
clearly non-Arrhenius. This is in good agreemen of what is observed for real
OTP asseenin Figure 1.2 (labeled o-terphenyl).

1.3 Outline of thesis

In Chapter 2 it is shown that some model liquids exhibit strong correlations
in the thermal uctuations of con gurational parts of pressureand energy in
the NVT ensenble. Such liquids are referredto asstrongly correlating liquids.
Chapter 3 explains the origin of the strong correlation. In Chapter 4 it is
argued, on the basis of the previous chapters, that strong correlating viscous
liquids are more simple than viscousliquids in geneal. This is exempli ed by
the so-calledProgogine-Defy ratio being closeto unity (Section4.1), and scale
invariance of structure and dynamics (Section 4.2).

10



Outline of thesis

Thermodynamic uctuations of phospholipid membranesalsoexhibit strong
correlations. These correlations are reported and explained in Chapter 5.

Chapter 6 reports and investigates crystallization from the melt of some
of the invedigat ed models. Before the presenried study, these models had not
beenreported to crystallize from the melt. Crystallization of the Wahnstrém
binary Lennard-Jonesliquid is investigatedin details.

The nal chapter is an outlook.
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Chapter 2

Strongly correlating liquids

Consider a system of N particles in a xed volume V. Total energy E is a
sum of a kinetic part (kinetic energy) that is only a function of the momerta,
Q= fe;ep;:::;6v g, and acon gurational part (potential energy)that is only

E(Q;R) = K(Q) + U(R): (2.1)
In the sameway, pressurep is a sum of a kinetic and a con gurational part,
P(Q;R) = Nkg T(Q)=V + W(R)=V, (2.2)

where T(Q) is the instantaneous temperature. W=V and U are the con gu-
rational part of pressureand energy respectively. Note that W is in units of
energy If thermal uctuations of W and U are strongly correlated in time,
this is referred to asa strongly correlated liquid. The remainder of this chapter
discusssuch W-U correlations in model liquids and super critical Argon. The
main referencesfor this chapter are Paper Il and Paper VI11.

2.1 An example: The Lennard-Jones Liquid

Probably the most well-studied model liquid is the (single componert) Lennard-
Jonesliquid, where particles interact pairwise via the Lennard-Jonespotential

[Lennard-Jones,1931]:

|
12 6

u =g — — : 2.3

| - ’ (2:3)

whererj; is the distance betweenparticle i and j (seealso Section 1.2). The
virial of a system of pairwise interactions particles is

1 X X
W = é rij F“ = WIJ (24)
i6] i6]
where Fjj = %Uij is the force betweenparticle i and j. It is conveniert to
de ne a pair virial as
ri d
Wij = %auij . (2.5)

13



2. Str ongl y correla ting liquids

Figure 2.1: Instantaneous normalized uctuations of virial and potential en-
ergy in a single componernt Lennard-Jonesliquid. W (t) and U(t) are strongly
correlated. This gure is the sameas Figure 1A in Paper Il 1, but for another
simulation.

For the Lennard-Jonespotential this is

12 6

wi =8 2 — — 2.
i =8 rij > (2.6)

Figure 2.1 shows a time seriesof normalized uctuations (with respect to
the standard deviation ) of virial W (t) and potential energyU(t) in a constart
NV T simulation at T =0.66(T = 80K in Argon units) and = 0:840(hpi = 0).
Virial and potential energy are strongly correlated. This is quantied by the
correlation coe cien t,

_ h W Ui
"W W)Zih( V)3

= 0:953 2.7)

Rwu

being closeto unity.

Figure 2.2 shows a scatter plot of virial versuspotential energy for some
more state points. The cigar-form of the scatter-blobs for a given state-point
indicates a strong correlation. Note alsothe constart density path's. The slope
of thesepaths is around 6 (  10%) and the samevalue asthe slope of a single

state point de ned as
S

h( W)zi

wWu m (2.8)

When pressureis held constart (and not volume), the correlation is wealer.

14



A classof strongly correlating liquids

Figure 2.2: Scatter plot of virial and potential energyin a single componert
Lennard-Jonesliquid at di erent state points. Simulations where donein the
NVT ensenble. The lower panelsshov the W-U correlation coe cien t Ry y
(Equation 2.7), the W-U slope (Equation 2.8) and the averagepressure.

15



2. Str ongl y correla ting liquids

Figure 2.3: W-U correlation plot of model liquids. The numerator plotted

against the denominator of the correlation coe cient expressedin units of
pressure(making them intensive quartities). The diagonal (dashedline) cor-

respond to perfect correlation. Models of van der Waals bonded liquid are
closeto this line showing strong W-U correlations, whereashydrogen bonded
liquids only have weak or no correlation. The simulated systemsare the single
componernt Lennard-Jonesliquids (SCLJ), a model with exponertial repulsion
therm (EXP), aasymmetric dumbbell model (DB), model of Tolueneusing the

UA-OPLS parameters(TOL) [Jorgense et al., 1984],a model of pure Cu with

a many body potential (CU) [Jacobsenet al., 1987, 1996], a binary mixture

of particles with hard-core repulsion and a square-well attraction (SQW) [Za-
ccarelli et al., 2002,2004], a binary Lennard-Jonesmixture suggestedby Kob
and Andersen [1994, 1995a] (KABLJ), a ortho-terphenyl model suggestedby

Lewis and Wahnstrom [1994](OTP), asinglecomponert glassformer suggested
by Dzugutov [1992],a model of methanol using the GROMOS parameters[van
Gunsterenet al., 1996],a three-site model of water (SPC/E) [Berendsn et al.,

1987], a model of MggsCu;s [Bailey et al., 2004]and a v e-site model of wa-
ter (TIP5P) [Mahoney and Jorgensen 2000]. Simulations of SCLJ and EXP

where conducted by Thomas B. Scrgder. Simulations of CU, DZ and MGCU

where conducted by NicholasP. Bailey. Simulations of SQW and TIP5P where
conducted by Nicolette Gnan. The remaining simulations where conduded by
the author, seeSection 1.2.1. This gure is the same as Figure 10 in Paper
VI 11, where simulation details are also given.
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A classof strongly correlating liquids

2.2 A class of strongly correlating liquids

If strong W-U correlations wereonly presert in the Lennard-Jonesliquid, they
would not be so interesting. Howewer, other liquids also exhibit strong W -
U correlations. Fjgure 2.3 shov the nominator, h W Ui=(kg TV), versus
the denominator,  h W)Z2ih( U)2i=(kg TV), of the correlation coe cien t,
in units of pressureto make them intensive quartities, of 13 liquids. In this
plot, the diagonal correspond to perfect correlation.

A large group of liquids are strongly correlating. This suggestthat there
exist a classof strongly correlating liquids (see Sections 3.1, 4.1.3 and 4.2 for
more about this conjecture). Note that van der Waalsbonded liquids belongsto
this class,whereashydrogen bonded liquids only have weak correlations. The
wealkening of correlation can be explained by competing interactions. Closeto
the density maximum of water W and U are uncorrelated, Ry y = 0. For more
about this, seesection C in Paper VIII.

2.3 Supercritical Argon

An experimental correlation coe cien t of super-critical argon can be calcu-
lated®: Recall, that for particles with no internal degreesof freedom kinetic
parts of pressureand energy is simply that of a mono-atomic ideal gas and
that the uctuation-dissipation theorem relates uctuations to responsefunc-
tions [Allen and Tildesley, 1987]; For a mono-atomic systemwe can write

M UPiskeT?=Cy  Nka; 2.9)
H W)%i=ks T = Nkg T+ Wi VKt + hXi (2.10)

and
h U WiskgT?=V y NKa: (2.11)

Note, that the so-called hyper-virial X [Allen and Tildesley, 1987]goesinto
the relation betweenh W)?i and K1 (Eq. 2.10). X is not a thermodynamic
guarntit y and cannot be measured.

Fortunately, it is possble to subtract X out of the equations (with some
assumptions),asdescribedin Paper VI 1l sectionll 1A. If T is the temperature
at some reference state-point (along a constart density path) ¢ = ¢y
SNkeT, &= v Nkg=V andhi®" = pi  NXeT then the correlation
coe cien t is given by

S

B(T) B(Tref )

Rwo ™ AT AT (212)
where
_ ) l‘pi conf \c}onf.
A(T)=mi Kg+ W (2.13)

1There are two reasonsfor choosing Argon. 1st: A calculations on lighter noble gasseslik e
Helium should include quantum e ects. Here we ignore such quantum e ects. 2nd: Heavier
noble gassesis known to form compounds indicating that the Lennard-Jones potential is to
simple (lo osely speaking: the large electron cloud of the heavy noble gassescan make covalent
bonds).
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2. Str ongl y correla ting liquids

and
B(T) = T( $")?=c": (2.14)

Figure 9 in Paper VIII shows experimental data from the NIST database
[Lemmon et al., 2005]of super critical Argon wherethe diagonal correspondsto
perfect correlation. The correlation is strong with a W -U correlation coe cien t
of 0:96. This shawv that strongly correlating liquids exist in nature and not
just the computer. Equation 2.12 also demonstrate that strongly correlating
liquids are more simple than the general case. If we assumeR = 1, a good
approximation for strongly correlating liquids, we can predict a third response
function from two others. This is not the generalcase.

18



Chapter 3

Origin of strong correlations

In this chapter it is shown that the origin of the strong correlation between
virial and energy (in the constart volume ensanble) is a consequenceof an
e ectiv e inversepower-law of the pair-potential. This power-law describesthe
thermodynamical u ctuations of the NVT ensanble. Seealso Paper Il I, Paper
VIII and Paper IX. The real pair potential cannot simply be approximated by
an inversepower. This would give a wrong equation of state. However, a good
approximation is an inversepower-law plus a linear term. The linear term does
not contribute (signi cantly) to uctuations at xed volume.

3.1 Eectiv einverse power-law pair potential

First, considera soft-sphereliquid [Hoover et al., 1970],where particles interact
via an inversepower-law potential:

up = ar; "; (3.1)

where n is someexponert and a is a prefactor. As shawvn in Appendix A.1,
potential energyand virial are proportional

WPty = BPTUPOY(t); (3.2)
with a proportional constart (or slope) of
WU = n=3 (3.3)

Then, recall that the Lennard-Jonespotential is a sum of two inverse power-
laws, wherer 12 dominate as short distances. A possible explanation for the
correlations could be that the r *? term dominate uctuations . However, this
would give a slope of four, whereasthe obsened slopeis around six. The reason
for this is that particles are located closeto the minimum, whereboth r 2 and
r 8 terms play arole (Paper Il 1, [Ben-Amotz and Stell, 2003]). Note, however,
that the slopein Figure 2.2 doesapproad four with increasingpressure(where
r 12 dominates).

Fluctuations of virial and potential energy (at constart volume) can be
described by an e ectiv e inverse power-law with an exponert larger than 12.
To shaw this, split the pair energyin aninversepower-law term plus a di erence
term,

Ut = ypPow + yd . (3.4)
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3. Origin of str ong correla tions

Figure 3.1: E ectiv e inverse power-law UP® = %r 18 £ derivedin Appendix
A.2. SeealsoFigure 3.5. The de nition of the radial distribution function g(r)
is given in Section 3.2.

and .
W = wPow 4 i (3.5)

Then the variance of energy and virial can be written as
hC UY)2%i = UP™)2%i + h( U% )%+ 2h UPY U% i, (3.6)
and
hC WY)%i= hC WP)%i+ hC WY )%+ 2h WP we it (3.7)

If an e ectiv e inverse power-law gives a good description of the uctuations
then

ub ()t uPv(t) (3.8)
and
WH () WPMY(t): (3.9)
To quantify ' in the above equations, we can investigate the pow-LJ corre-
lation coe cien ts
h ULJ urow;

Rupow;ULJ (310)

"'r( UD)2in( uPow)2j’
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E ectiv e inversepower-law pair potential

Figure 3.2: The panel on the left shovs a satter plot of UP°Y versus
UY (Equation 3.4) and the panel on the right shavs WP versus WU
(Equation 3.5) of con gurations of the Lennard-Jonesliquid at T = 0:66 and
= 0:840 (hpi = 0). The e ectiv e inverse power-law describes uctuations of
virial and energy to a good approximation (Equations 3.8 and 3.9).

and h LJ pow;
Rypovays P W= W (3.11)
! r~( WwWbJ )2|h( Wpow)2|

and the amourt of variance described by the e ectiv e power-law,

h(_UPo)?i.
Zpow.yua HUoyE (3.12)
and Whon2i

W pow :\y LI m

If the description is good, all of these should be closeto unity.

As a rst guess,we will assumethat n = 18 ( = 6) (asthe W-U slope on
Figure 2.1suggest),and geta pre-factor a by tting the inverse-mpwer law to the
Lennard-Jonespotential by matching Oth, 1st and 2nd derivative as described
in Appendix A.2. This give the inversepower-law UP® = $(rj = ) ® shawn
on Figure 3.1. Figure 3.2 shaws that this e ectiv e inverse power-law gives a
pretty good description of the uctuations.

In the following, a way to determine the best' n and a from uctuations at
one state-point will be given. Figure 3.3 shows Egs. 3.10 3.13 as a function
of n. In somerange ( 10% the power-law energy and virial are strongly
correlated with the Lennard-Jones(Rypow.yus > 0:93 and Ry pow.yy v > 0:96)
and dominates the uctuations (h UY)%i ' h UP™)2j > K U9 )%
jh urow ydi j|). Both virial and energy uctuations should be described

lbest: E ectiv e inverse power-law that givesthe best description of the uctuating parts
of energy and virial.
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3. Origin of str ong correla tions

Figure 3.3: Egs. 3.10to 3.13 as a function of n (using a; ) of the Lennard-
Jones liquids at T = 0:66 and = 0:840 The optimization Cparameter

Rypow.uw Rweoww o have maximum, closeto n = 189 = 3 %

Howewer, note that P Rysow.yus Rypow.ywy s is close to unity in the entire
investigated region. This suggest that a n not exactly 19.8 works pretty
well. Also, note that covariances h UP" U9 j=f( U% )2j = 0:02 and
h wpow wd j=i( wWd )2j = 0:06 are small at exponert n = 189.

by the e ectiv& inverse power-law (both Rypow.ys @and Ryypow.y s close to
unity). Thus,  Rypow.yu Ryeow:w s should be closeto unity. Note that this
optimization parameter have a maximum closeto the exponent calculated from
the W- U slope (n = 3 wy = 189). Thus, the apparert exponert can simply
be calculated as S

h(C W)zi

=3 ——35-=3
S SVC T

(3.14)

The prefactor a can also be determined from the W and U uctuations.
The a; calculated in Appendix A.2 worked pretty well, howewer, a slight in-
creasegive a better t. Figure 3.4 shaws that an 8.8% increase givesthe best
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E ectiv e inversepower-law pair potential

Figure 3.4: Egs. 3.10to 3.13asa function of a=a; (n = 189) of the Lennard-
Jonesliquids at T = 066 and = 0840 T = 80K and hpi = 0. At
ampt = 1:088a; = 1:389 (dashed line) the variance of UY (t) equals that
of UY(t) and the variance of WU (t) equalsthat of WU (t). Also, at
aopt the variance of UY (t) and WY (t) and the correlation coe cien t
Ryu.ye and Ryu.wa aresmall.

description. It is possibleto match (the magnitude of) both the potential en-
ergy and the virial, h( UPOW)2i=h( UY)2i ' h( WPW)2%i=h( W) ' 1.
Note that changing a do not e ect the correlation coe cien ts Rypow.yus and
RW pow \\/ L .

Figure 3.5 show Uijpow with exponert n = 189 and aopt = 1:088; = 1:389
Note that UUdi of this e ectiv e inverse power-law is well approximated by a
straight line in the range of the rst peak of the radial distribution function,
g(r). This will be discussedfurther in the next section.

Sofar it is only demonstrated that the e ectiv e power-law works for the
6-12 Lennard-Jones liquid. Howewer, in Paper Xl Il it is arguedthat a similar
tting can be done for the assymetric dumbell model. Coslovich and Roland
[2009] have recertly shown that the de<ription also works for the generalized
Lennard-Jonespotential, Uijge“"'J =(nr ™ mr "M)=(m n). It is reasonable
that a similar inverse power-law matching can be done in similar systems.
Therefore, a good conjecture is that the e ectiv e power-law explanation works
for van der Waals bonded systens in general. More work is neededto clarify
this.

Note that the Lennard-Jonespotential cannot simply be replaced by an
inversepower-law  only uctuations (at xed volume) canbe described by a
inversepower-law. The Lennard-Jonesliquid doesnot have the same equation
of states as the soft-sphereliquid. In the next section will discussthe role of
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3. Origin of str ong correla tions

Figure 3.5: The optimal e ectiv e inverse power-law of UP®" = 1:389 189
1:388 of the Lennard-Jonesliquid at the state-point T = 0:66 and = 0:840.
n = 189 and a = 1:389 are calculated from uctuations as outline in Figure
3.3 and Figure 3.4. The de nition of the radial distribution function g(r) is
given in Section 3.2,

ud .

3.2 Appro ximate inverse power-law plus lin ear term
pair potential

The e ectiv e inverse power-law gives a good descrigtion of the pair potential
at short distances,r < rmin (= 1:12 ), but not at longer distances, as shovn
on Figure 3.1. At rst glance,it is surprising that the e ectiv e power-law does
sowell after all. Even at zero pressurewhere particles are located closeto the
minimum of the Lennard-Jonespotential. In the following, it will be discussed
why UY%  doesnot cortribute to the uctuations at xed volume. The whole
system,and not just a single pair, hasto be taken into accourt. Seealso Paper
IX sectionll-D.

De ne the instantaneous pair distribution function (or radial distribution
function) as’

X
Qi) = o 1y (D) (3.15)
i6]

2 (x) is Dirac delta function.
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Low temperature limit of crystal

where
g(r) = hg(r;t)i (3.16)

is the traditional pair distribution function [Allen and Tildesley, 1987]. From
o(r;t) we can calculate the potential energyat time t as

Z 1
U(t)= (4 N=2) Ui (r)g(r; tyrdr; (3.17)

0

and Z,
U(t) = (4 N=2) Ui (r) go(r;t)rdr; (3.18)

0

where

g(r;t) = g(r;t)  o(r): (3.19)

U9 | shawn on Figure 3.1, can be approximated with a linear function in
the rst shell regime (rst peak of g(r)). The samegoesfor W% . The fact
that U9 is nearly constart, UY (t)' 0, suggeststhat

z
4 N=2 ri g(r;tyrédr' 0 (3.20)

rst shell

or Z
ri  o(r;tyr’dr' 0 (3.21)
rst shell

where p(r;t) = (4 N =2) g(r;t) is the bond densty. In other words the
number of bondsgin rst shell is constart, and the average rst shell bond
distancerm(t) = o qhen ' b(r;t)dr is constart. This is reasonablefor a dense
liquid in a xed volume. Whenever a particle movesit will comecloserto some
particles and move further away from others approximately without a ecting
rm(t).

If volume is changedwe expect an overall change of the bond density, and
U9 will change. This iswhy the W U scatter plot on Figure 2.2 hascongant
density paths,

W= wu(U+ Us()) (3.22)
Here, the argumertation of rp, being constart is somewhatimprecise It
is intuitiv ely reasonable,but the rst shell integral, . ., :::dr, is not

well-de ned. The following section discussa one dimensional crystal where a
clear argumertat can be made. Note, howewer, that the reasoningis of the
samenature.

3.3 Low temp eratu re limit of crystal

The correlation survives all the way down to the zero temperature limit of
the crystal ewven at negative pressure (Figure 4 in Paper IX). This low-
temperature limit can be explained by approximating the pair potential by
a Taylor expansion. In the following we will investigate W-U correlations of a
one-dimensionalcrystal.

Think of a one-dimensionalcrystal with only nearestneighbor interactions
(seealso Paper IX sectionll-B-1). Let N be the number of particles in box of
length (or volume) L. Make the box periodic so particle N + k is a mirror
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3. Origin of str ong correla tions

of particle k. The average pair distance will then be a = L=N. For simplic-
ity put a at the minimum of the potential, Uuo(a = rp) = 0, and shift the
minimum to zero, U; (rm) = 0. In the low temperature limit we can make a
Taylor expansionof the pair potential, keepingup to the third order in relative
displacemen. De ne
X
Sp (ri;i +1 rm)p; (323)
|
and write energy as (the third order term of energyis explicitly written here,
sinceit goesinto the secondorder term of virial)

U= %szQ + %kgSg + O(S4), (324)
and virial as (seePaper IX for details)

W= S(ormSi+ (ke + skafm)S2) + O(So) (3:25)

wherek, is the p'th derivative of the pair potential at rp,.

The lowestorder term of the energyis secondorder S,. To secondorder, W
involvesboth S; and S,, soapparertly thereisnoW U correlatigp. However,
S; vanishes when v%ume is xed: Fixeigl volume implies that lN Mg+ =
Nrnh=L,and S; = iN(ri;Hl fm) = ,N ri+1 Nrp=0.

Combining Equations 3.24and 3.25(with S; = 0 and throwing away O(S3))
we recover a W U correlation,

}kz + %kgrm .

W =
37 Ik,

(3.26)

1

For the Lennard-Jonespotential (with ry, = 27 ) the slopeis %kifkkzﬂ =
2

6:33. This is in good agreemem with slope found in simulations (see Figure

2.2)%.

The three dimensional crystal is more complicated (see Paper IX section
[1-B-2 and |1I-B-3). Here, the correlation is not exact but the energy-virial
correlation is closeto unity (Figure in Paper IX) and slope is closeto obsened
SiX.

Again, note the importance of xed volume. In the one dimensional crystal
the situation is more clear than the e ectiv einversepower-law explanation (and
the three dimensional crystal), but are of the samenature. When one bond
getsshorter an other must get longer. The volume constrain makeslinear terms

vanish. That is S; = Oor peak ' p(r;t)dr " 0.

3.4 Weeks-Chandler-Andersen

The reader has perhaps noticed the similarities between the apparernt inverse
power-law and the celebrated 1971 paper by Andersen, Weeks,and Chandler
[1971](WCA). Theseauthors argue that moleculesof a liquid can be thought

3Traditionally , wethink of the low-temp erature limit of the crystal asharmonic. However,
for the harmonic crystal (ks = 0) the slopeis 2=3 and not closeto six.
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Weeks-Chandler-Andersen

of as hard-core particles (U“hs(r) =1 forr < rq and U"hs(r) = 0 elsewhere)
with attraction that can be viewed as a perturbation.

The e ectiv e inverse power-law plus a linear term agreeswith the WCA
interpretation, that the repulsive region of the pair potential dominates lig-
uid structure an important result of WCA-paper. However, in the following
chapter it will be demonstratedthat an inversepower-law is more useful than
a hard-core description. (One can think of a hard-core interactions as a ap-
proximation to the e ectiv e inversepower-law.)
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Chapter 4

Strongly correlating viscous liquids

In this chapter it is demonstrated that strongly correlating viscous liquids are
more simple than viscousliquids in general.

In the rst section, it is argued that the glass-transition of strongly cor-
relating visoous liquids is single-parameter in the Prigogine-Defay sense. The
referencedor this sectionare Paper I, Paper IV, Paper VI and Paper IX. In ad-
dition, the section give somesimple equationsto illustrate possiblescenariosof
thermodynamic uctuations and arethinking of the (classical) Prigogine-Defay
ratio classic.

In the secondsection it is shown that strongly correlating viscous liquids
have a scaleinvariant energylandscape. This provides a scaling-lav of dynam-
ics (exempli ed by the di usion constart D) and structure (exemplied by the
radial distribution function g(r)). The referencedor this section are Paper VI |
and Paper XI 1.

4.1 A single order-parameter of viscous liquids

The classi@l picture of a single order-parameterdescription of the glasstransi-
tion wasdeweloped by Davies and Jones[1953a,b]. In theseauthors' picture, an
important number is the so-calledPrigogine-Defay ratio [Prigogine and Defay,
1954]. This ratio is calculated from the changeof the (static) response function
at the glass-transition. If ¢, = g  ¢gss is the changeof the isobaric heat

capacity per unit volume, ¢ = 9 9@ s the change of isothermal
compressibility and |, = jaud glass js the change of isobaric expansion

coe cien t, then the classicalPrigogine-Defay ration is de ned as'

classic — Cp T .

In general S8  1and &2 = 1in the single parameter case Since
then, the topic has been debated in the glasscommunity?. Moynihan et al.

1The superscript classic in equation 4.1 is normally not used, but is used here distinguish
it from the later de ned Progogine-Defay ratios. The subscript pT is to emphasize that this
ratio relates the natural response functions of the N pT ensenble - the ensenble preferred in
an experimental situation. That iscp, T and .

2SeeReferences[Davies and Jones, 1953a,b, DiMarzio, 1974, Goldstein, 1975, Gupta and
Moynihan, 1976, Moynihan et al., 1976, Roe, 1977, Moynihan and Gupta, 1978, Lesikar and
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4. Str ongl y correla ting viscous liquids

[1976] concluded, on the basis of available experimental data, that the ratio
typically takesvaluesof 2 < g'?ssm < 4. The conclusionfrom this is therefore
that in generalmore than oneorder-parameteris needed.A collection of ratios
available today are compiled in Table 4.1. Note that some Prigogine-Defay
ratios are infact closeto unity. Table 4.1is discussedn details in Section4.1.3.

At this point, | have not explainedto the readerwhat exactly is meant by a
single-orderparameter . The reasonfor this is that Roe [1977], Moynihan and
Gupta [1978],Moynihan and Lesikar [1981]realizedthat the classicalPrigogine-
Defay ratio is not well-de ned. Theoretical predictions solely basedon g'{"SS‘C
are therefore problematic. The solution to this was a (well-de ned) revised
Prigogine-Defay ratio. This ratio relatesto the frequency dependert response
functions of the equilibrium liquid (disregarding the crystal) and is de ned as

near — [G(' ! 0) c(t 'L [ 7(t! 0 (P!l )]
i TLe(t! 0)  p(t1!11 )2

where! 'l refersto high-, and! ! 0 to the low frequeng/ limit. Unfor-
tunately, it is di cult to get good measuremets of wide frequency spectra, as
neededto get theselimits. For this reasonno-one has attempted to calculate

'[‘)’}eaf from experimental data (to the author's knowledge). Howewer, in sim-
ulation this can be done as demonstrated by Nielsen[1999]and in Figure 4.3.
Ellegaard [2005] shaved that 'ri,r}eaf can be re-expresgd as a single-frequency
quartity 7 (!) (seefollowing section), more suited for experimernts. This is
published in Paper I.

The remainder of this chapter is a newly developed interpretation of single
parameter -ness,basedon 7 (! ). In this interpretation, it is clear what is
meart by a single parameter. In the classicalunderstanding it is somewhat
unclear what can be learned from a ratio closeto unity but not exactly unity.
In other words: What should a measuredvalue of g'?S‘C be comparedto? Is

= 1:2 signi cantly largerthan unity asconcludedby Takaharaet al. [1999]?
It will become clear how we should interpret ~ §2%° > 1 (Subsection4.1.3).

(4.2)

4.1.1 Dynamic Prigo gine-Defay ratio, (!)

The dynamic Prigogine-Defey ratio 7 (! ) is an one-frequencytest quartit y
for single parameter-ness. This was published in Paper I, basedon the Ph.D.
thesis of Ellegaard [2009. It is de ned from the frequency-dependert response
functions. If ¢,(1)% 94!) and P{!) are the imaginary parts (at a single
frequency) of isobaric heat capacity per unit volume, isothermal compressibility
and isobaric expansioncoe cien t respectively, then

olt) ).
TLU)?

It isin principle accessiblethough experiments, although it has not beenmea-
sured yet. It is not at all trivial to measurefrequency dependen response
functions. As an example, a resert paper by Christensenet al. [2007] shows
that corvertional methods to measurefrequency-dependen isobaric heat ca-

pacity c,(! ) fail.

Moynihan, 1980, Moynihan and Lesikar, 1981, Nieuwenhuizen, 1997, 2000, Ellegaard, 2005,
Schmelzer and Gutzow, 2006, Pick, 2008] and Paper VI.

pr (1) (4.3)
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A single order-parameter of viscousliquids

Table 4.1: Litterateur valuesof classical Prigogine-Defay ratios.

Material oT o Ref.
Pure SiO, glass 10°-2 10° 0.03-0.002 a
Glycerol, C3H5(0OH) 3 9.4 0.33 b
Rubber 8.3 0.33 a
GeO, 6.9 1.3 0.38 0.04 h
16N& 0O 10B,03 74Si0, 4.9 0.45 f
B,O3 4.7 0.46 c/b
0.4CaNO3 0.6KNO3 4.5 0.47 c/b
Glucose,OCgH7(OH) ¢ 3.7 0.52 a
16N& 0O 10Ca0 74Si0, 3.6 0.53 f
Se 2.4 0.65 a/b
Se 2.0 0.71 j
ZrTiCuNiBe 2.4 0.65 e
26N& 0 74Si0; 2.3 0.66 f
Tednical glasss 2.0-2.7 0.71-0.61 a
Polyvinylacetate 2.2(1.7) 0.67(0.77) c/b
n-Propanol, C3H;OH 1.9 0.73 b
Polyvinylchlorid, PVC 1.7 0.77 b
Polystyrene, PS 1.3 0.1(16) 0.88 0.03(0.25) d
OTP(75%)-TPCM(25%) 1.28 0.88 k
OTP(67%)-OPP(33%) 1.20 0.05 0.92 0.02 d
Polystyrene, PS 1.085 0.96 I
Phenoaxy 1.03 0.99 g
Polycarbonate 1.02 0.99 g
Polysulfone 0.96 1.02 g
Polyarylate 0.90 1.05 g
Polyisobutene 0.9 1.05 b

Liquids are listed with decreasingclassicalPrigogine-Defay ratio. As discussed
in details in Section 4.1.3 this separatesvan der Waals bonded liquids, with

ratios close to unity, from the rest. References. a: [Nemilov, 1994]; b:
[Donth, 1981];c: [Gupta and Moynihan, 1976];d: [Takahara et al., 1999]; e:
[Samwer et al., 1999]; f: [Wondraczek and Behrens, 2007]; g: [Zoller, 1982];
h: [Dingwell et al., 1993];i: [Hadac et al., 2007];j: [Berg and Cooper, 1978];
k: Calculated by Ellegaard [2005]using data from Naoki et al. [1986];l: [Oels
and Rehage,1977]. Abbreviations: OTP, o-terphenyl: CgH4(CeHs)2; TPCM,

triphenylchloromethane: C(CgHs)3Cl; OPP, o-pherylphenol: CgH4(CeHs)OH;

Polyvinylacetate: [-CH2(COOCH3)CH-],; Polyvinylchlorid: [-C(CIH)CH 2], ;
Polystyrene: [-CH(CgHs5)CH2-]n; Phenaky: [-CH,CH(OH)CH ,O(CgHy)-
In ; Polycarbonate: [-C20(CeH4)C(CH3)2(CeH4)O-]n;  Polysulfone:
[-(CeH4)SO2(CeHa)O(CeH4)C(CH 3)2(CsHa)O-]n; Polyarylate: [-
CO(CeH4)COO(CeH4)C(CH3)2(CoHa)O]n -
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4. Str ongl y correla ting viscous liquids

In Paper | it is shown that if 17°" = 1then ,r(!)= latany!. Such
liquids are referredto as Single parameter liquids . Moreover, if ( !) is unity
in one ensenble, then it is unity in all ensenbles:

1= pr(M)= vr(1)= ps(P)= vs(): (4.4)

This is reasonablesince is would be peculiar if single parameter -nesswas
ensenble dependert. However, if ,7(!) > 1 we cannot say that they are
equal. Nevertheless,if one of the ratios is closeto unity, the others are likely
alsoto be closeto unity, as demonstratedin simulations later.

An equivalent way of expressing single parameter -nessis®

p(t) = ps s(t) when cortrolling V and T (4.5)

wherethe bar indicates uctuations on somerelaxing time-scale. If the relation

is exact, the bar is in principle not needed. Later, however, we will discuss
a situation where these equations are approximate (replacing = with ' ).

Then the bar makesa di erence. Again, since single parameter -nessmust be
ensenble independert, it follows that

V(t) = vs s(t) whencontrolling p and T; (4.6)

p(t) = vt T(t) when controlling V and S; 4.7)
and

V()= vt T(t) whencortrolling p and S: (4.8)

The equationsapply when the cortrolling parametersare held constart. Then
the free parameterswill uctuate in a correlated manner (on the relaxing time-

scaleindicated by the bar). Also, the equations apply to perturbations (in

the linear regime). Then relaxation of the free parameters follows the same
(scaled) function.

Equations 4.5 to 4.8 answer the question: What is the single parameter?
There is only one internal relaxing parameter in the system. Mechanical and
thermal relaxation are slaves of this parameter. It is reasonableto speculate
that other quartities, like dipole-momen, are also slavesof the single parame-
ter. If dipole-momern is a slave, then dielectric measuremets would re ect the
single parameter -ness. This would make single parameter liquids even more
interesting due to the simplicity.

All of the equationsin this subsection (Equations 4.3to 4.8) are equivalert,
and any of them can be regardedasthe de nition of a single parameter liquid.
It is easyto show from oneof Equations 4.5to 4.8that a corresponding x v (!)
is equalto unity. An exampleis givenin next subsection. Shawing it the other
way, that one of Equations 4.5 to 4.8 can be derived from a cooresponding

x v (') being unity canalsobe shavn. This is donein Paper . In the following
we will consider Equations 4.3 to 4.8 as the de nition of a single parameter
liquid. xv(!) = 1isregardedasa consequence.In future studies this way
of thinking is recommended.

8s= S=V is entropy per unit volume.
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A single order-parameter of viscousliquids

4.1.2 Conne cting Progogine-Defa y ratio to a correlation
coe cien t

Single parameter liquids and strongly correlating visoous liquids are related
as discussedin the following. The inversesquare-root of the Progogine-Defy
ratio equalssome correlation coe cien t.

This will be demonstrated in the constart VT ensenble. To keep tem-
perature constant, enropy hasto be transferred betweena heat-bath and the
sample: S(t) = q(t)=T where q is heat. Sincethe volume is constart (no
p V work) this heat is seenin the sampleas a changeof the total energy E
and therefore E(t) = T S(t). Since we will relate this to computer simu-
lations, where total energy is easyto access,we will write energy instead of
entropy.

If 91 ), K& ) and 9Y!) arethe imaginary parts of the frequencydepen-
dent isochoric speci ¢ heat capacity per unit volume, isothermal bulk modulus
and isochoric pressure coecien t* respectively, then the dynamic Prigogine-
Defay ratio is (App endix of Paper I)

(KA.
TL 2

The uctuation-dissipation theorem [Smit and Frenkel, 2001, App endix C] con-
nects equilibrium uctuations to respggnsefunctions. If E(t) = E(t) hEi,

p(t) = p(t) hpi and G ff (t)g= zi f (t) cos( t)dt denotesthe cosinetrans-
form of f (t), then (Paper IV)

vr(!) (4.9)

) = Gg72G ™ EO EW®ivrg (4.10)
|

KA = GG th PO pOIvrg, (4.12)

M) = GorzGM EO PTG (4.12)

Combining equation 4.9to 4.12, y1(!) canbe re-expressedas

Gfh E() E()ivrgGfth p(0) p(t)ivrg.
[Gth E(0) p(t)ivrd? '

For later use,we will alsode ne the frequency-demndert slope as
s

pE(!):V

vr(t) = (4.13)

Gfh p©O) p(t)ivrg
Gfh E() E(t)ivrg

(4.14)

that can be written (from Equations 4.10and 4.11) as

s
K 9!

4Seethe App endix of Paper | for the de nition of (all) the frequency-dependent response
functions
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4. Str ongl y correla ting viscous liquids

G (f (1)) relatesto uctuations of f (t) on a 1=! time-scale(similar to mak-
ing a running-averageover an 1=! time-window) and thus,

( VT(! )) 1=2: n th E(O) p(t)IVTg
"Gfh E(0) E()ivrgGth p0) p(ivrg

is a measureof how correlated p and E are on this time-scale. If we regard
Equation 4.5 asour de nition of a single parameter liquid, then it follows that
(vr(t)) =1

In computer simulations, and conceptually, a more corveniert way to study
slow thermodynamic uctuations is though time-correlation functions [Hansen
and McDonald, 2006]and de ning a time-dependert correlation coe cien t as

h EQ) p)ivr

(4.16)

R p 4.17
=0 PHEG E®ivih pO POV @17
and a time-dependent slope
s
= PO POV, (4.18)

h EQ) E@)ivr

From the uctuation dissipation theorem it follows that this is what could be
derived from measuremets of step experiments [Smit and Frenkel, 2001].

Let us set-up someequationsto illustrate possiblescenariosof equilibrium
uctuations. Let x(t) and y(t) be the conjugated variablesof the xed variables
X and Y respectively. For simplicity, we will shift and normalize x and y so
ki = hyi = 0and hx?i = hy?i = 1. Imagine that x(t) and y(t) are sums
of somehidden independert stochastic Debye processed ;(t), f2(t), s1(t) and
sy(t). They are independert socross-correlationfunctions are zero. Let f1 and
f, be fast processesf1(0)f 1(t)i = H(0)f(t)i = exp( t), and s; and s; be
slow process,ts;(0)s;(t)i = hsp(0)sa(t)i = exp( t=100). Write x(t) as

x() =G, xfat)+ G, (1 x)su(t) (4.19)
where 4 (0 x 1) determinesthe relative size of the fast process, and
P
G =1= 2+(1 )% (4.20)

ensuresnormalization®, hx?i = 1. In addition to f; and sy, let y(t) alsodepend
on f, and s, to intro duce somede-correlation between x and y:

y®) = GG, y[f1(®)+ @  1)f2(t)
+ G,G. 1 s+ @ ) (4.21)
where y (0 y 1) determinesthe relative size of fast process. ; (0

f 1and (0 ¢ 1) determinesthe amount of correlation on fast and
slow time-scalesrespectively. The tim e correlation functions for x and y are

O)x(t)i = G2 ZK1(0)f 1(1)i
+ G% (1 x)’msy(0)sa(b)i; (4.22)

®Since x?i = G2 [ 2hfZi+ (1 x)2msfi+2 x(1  x)Hfisii]= 1, HF2i = hsfi = Land
hfi1s1i=0then G = 1= 2+ (1 )2, Equation 4.20.
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A single order-parameter of viscousliquids

Figure 4.1: A possiblescenarioof thermodynamic uctuations, Equations 4.19
and 4.21. In the parametrization shown, x and y are strongly correlated on
long time-scales,but not on short time-scales. Seealso Figure 4.2.
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4. Str ongl y correla ting viscous liquids

Figure 4.2: A possiblescenarioof thermodynamic uctuations, Equations 4.19
and 4.21. In the parametrization shown, x and y are strongly correlated on
short time-scales,but not on long time-scales. Seealso Figure 4.1.
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A single order-parameter of viscousliquids

hyQy(t)i = G? §G? FH1(0)f1(b)i
+ G? JGP (L ()M (0)f o(1)i
+ G? (1 y)’G? shsi(0)si(h)i
+ GP (1 PG (1 s)hs2(0)s2(b)i (4.23)
and
kQ)y®)i = G, xG, yG, M (0)f ()i

+ G, NG, Q@ G, ske(0)si(D)i: (4.24)

Sincethe auto-correlation functions of f1, f,, s; and s; is simply exponential
relaxations it is straightforward to get an analytical expressionof the time-
dependert correlation coe cien t Ryy (t), Equation 4.17. Moreover, the cosine
transform of exponertial relaxation is qj'ven analytically [Spiegeland Liu, 1999],
Gfexp( t=)g= = ﬁg where 1 =i and = is the imaginary part.
Thus, the dynamic Prigogine-Defay ratio x vy (! ), Equation 4.13, also has an
analytic expression. Three parametrization are shavn on Figures 4.1, 4.2 and
4.5.

Now, consider a strongly correlating viscous liquid (Chapter 2). When

vT(!) is evaluated, fast (picoseconds)kinetic parts of p and E are aver-

agedout. Qualitativ ely this correspondsto the parametrization of Figure 4.1.
Only the con gurational parts survive so E(t) = U(t) and p(t) = W(t)=V
(again, the bar indicates an average). A simple minded gues is therefore
that ( vr(!)) 72 is equal to the W-U energy correlation coe cient, Ry y.
Strictly speaking, we cannot make this connectionunlessRy, y is exactly unity.
To demonstratethis, think of x = W andy = U in Figure 4.1. Thenthe gure
illustrates a situation where ( v7(!)) ™ > Rwy. The opposite situation,
( vr(1)) ¥? < Rwuy, is alsopossibleasshown in Figure 4.2 (by changing the
parametrization).

A realistic model system, the Kob-Andersenbinary Lennard-Jonesliquid,
show, howewer, that to a good approximation

Rpe(t) ' Rwu (4.25)

and
(vr(M) " Rwu; (4.26)
as seenon Figure 4.3 and 4.4. This is a consequenceof Ry y being close
to unity. Moreover, the W-U slope wy can to a good approximation be
calculated from
pe(')' wus (4.27)
and
pe (D) wu: (4.28)
Before we move on, a nal commert should be made. Measuremerts on
viscousliquids typically reveal more than one relaxation processs. Think of a
situation wherealiquid hasaslow -relaxation and afaster -relaxation. Imag-
ine that individually they are strongly correlating, but givesdi erent strength
to x and y. In other words, they have dierent slopes. Such a situation is
shown on Figure 4.5. Note that in the region where the two procesesmix,
there is a decreaseof correlation. Experimental data of 7 (! ) canin this way
give some insight about the origin of relaxations.
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4. Str ongl y correla ting viscous liquids

Figure 4.3: Auto- and crosscorrelation functions of (total) energy and pres-

sure of the Kob-Andersen binary Lennard-Jonesliquids at T = 0:434 A
stretch exponertial (tted at t > 100, Aexp( (t=) ), are shovn. The

linear Prigogine-Defay ratio (Equation 4.2) can be estimated as ingar
p225 __ = 1:08 (( lnear) 1=2' 0:962) using the prefactors of the t. The

0:187 0:300
lower panels shaws the time dependert correlation coe cien t Rye (t) (Equa-

tion 4.17) and the corresponding slope (Equation 4.18). The W-U correlation
coe cient Ryy = 0:936and W-U slope wy = 5:52areindicated with dashed

lines.
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A single order-parameter of viscousliquids

Figure 4.4: Normalized imaginary parts of natural responsefunctions of the
NVT ensenble (Equations 4.10to 4.12) of the Kob-AndersenLennard-Jones
liquids at T = 0:434. The peakto the right is partially a consequege of the
(articial) Nosé-Hoover thermostat [Nosé, 1984, Hoover, 1985] and peak on
the left is the structural relaxation peak. Note that the left-hand side of the
structural relaxation peak has slope +1 and the right-hand side has closeto
slope % (in the log-log represertation). This is in good agreemem with what
is found in experimerts [Nielsenet al., 2008](note that the stretch exponertial

, Figure 4.3, is somewhat larger than the limiting slope). The lower panels
show the inversesquareroot of the dynamic Prigogine-Defay ratio (Equation
4.9) and the corresponding slope (Equation 4.14). The instantaneous W-U
correlation coe cie nt Ry y = 0:936 and slope wy = 5:52 are indicated with
red dashedlines. 39



4. Str ongl y correla ting viscous liquids

Figure 4.5: A possiblescenarioof thermodynamic uctuations, Equations 4.19
and 4.21. Since ¢ = ¢ = 1, the fast and one slow Debye processwould give
perfect correlation between x and y if they where alone. Since x = 0:4 is
dierent from , = 0:2 the slope of the uctuations are dierent for the fast
and the slov Debye relaxation. The consequencef this is that in the mixing
region of the two internal Debye relaxations ( x vy (!)) 72 have a dip.

4.1.3 Rethinking the classical Prigogine-Defa vy ratio

As discussedearlier, the classic PrigogineDefay ratio 55, Equation 4.1
page 29, is not strictly well-de ned. Howewer, let us assumethat the values of
the (static) responsefunctions of the liquid correspondto the! ! 0 limits and
the (static) responsesfunctions of the glas$ correspond to the ! 11 limits
of the frequency-degendert responsefunctions of the equilibrium liquid at Tg.
This would make g'{i‘SSiC equalto the well-de ned linear Prigogine-Defay ratio

g’}eaf , Equation 4.2 (page 30). Then, the inversesquareroot of the classical
Prigogine-Defay ratio re ects a correlation coe cien t,

( cassicy 122+ Ry g(of slow uctuations ); (4.29)
and
( gassicy 1=2+ R s (of slow uctuations ); (4.30)
or, asargued in the previous section,
( {:/l(:_lI_SSiC) 1=2 Rwu: (4.31)

This is a novel interpretation of ©ssc  Also, the W-U slope can be estimated

from the samedata as
r

' classic — Kr
WU vroo© T cov

: (4.32)

6Since a glass can be prepared in numerous ways, there is no unique value of the glass
response functions. How this e ects the approximation is a matter of future studies.
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Hidden scaleinvariance

Equations 4.31 and 4.32 are veried for the Kob-Andersen binary Lennard-
Jonesliquid, Figure 4.6. This is an useful approximation, since values of the
classical ratio are available in litterateur. A revisit of 23S enable us to
invedigatin g the conjecture of Section2.2 (page17). This conjecture speculates
that van der Waals bonded liquids are strongly correlating liquids.

First, we investigate ©2s¢ of somemodel systems. The Kob-Andersen
binary Lennard-Jonesliquid have a ratio closeto unity, Figure 4.6. Clarke
[1979] reported g'?SSiC ' 1 for the (single componen) Lennard-Jonesliquid
and Cape and Woodcock [1980] argue that the ratio must be unity in soft-
spheresystems(consistert with Chapter 3). These authors noted that this was
not in agreemen with the wisdom of that time that Prigogine-Defay ratios
typically had valuesbetween2 and 4 [Gupta and Moynihan, 1976]. Howewer,
in the light of strongly correlating liquids, a ratio closeto unity is expectedin
all of these model systems. Thus, simulations support the claim that strongly
correlating viscousliquids have ¢assc ' 1,

Now, let us reexamine the classical Prigogine-Defay found experimentally,
Table 4.1. Some g'?SSiC are infact closeto unity. In Table 4.1 liquids are listed
with decreasing g'?SSiC. Note that the lowest valuesare for the van der Waals
bonded liquids  exactly as it is claimed by the conjecture. As an example,
Takahara et al. [1999] have measured g'?SSiC = 1:20 0:05 corresponding to a

correlation coe cien t of (- §2s¢) z = (0:.92 0:02for OTP (67%) mixed with
OPP (33%). This supports the conjecture that van der Waals bonded liquids
are strongly correlating liquids. Unfortunately this the only value of a van der
Waals bonded molecular liquid. However, the van der Waals bonded polymers
alsohave £2¢ closeunity.

Another supporting obsenation relatesto n-propanol, with one OH-group,
and glycerolwith three OH-groups. Both moleculesare approximately the same
size having a badkbone of three carbon atoms. With an increasing number of
OH-groups g'TaSS‘C is expected to increase since correlation is destroyed by
hydrogen bonds. Indeed £@s5@ (glycerol) = 9:4 is signi cantly larger than

Slassical (n-propanol) = 1:9.

There is at presert time little interest for 52 Presumably this is due
to the negative result of Gupta and Moynihan [1976]. However, the presered
rethinking and revisit of the Prigogine-Defay ratio, demonstratesthat interest-
ing information canbe extracted from the ratio. As we shall seein the following
sectionthe slope wy is animportant quartit y for strongly correlating viscous
liquid. This is accessiblethough equation 4.32. Experimentalists are therefore
urged to regain interest in the Prigogine-Defey ratio  both the classicaland
the more well-de ned frequency-degendert version.

4.2 Hidden scale invariance

In this section, in Paper VIl and in Paper Xl it is argued that strongly
correlating liquids have a hidden scaleinvariance: State points with the same

=T (4.33)

have (approximately) the samedynamics and structure (in scaledunits). The
scaling exponert ¢ is the sameas y, however, since y is slightly state
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4. Str ongl y correla ting viscous liquids

Figure 4.6: Classical approac to obtain the Prigogine-Defay ratio and slope
of the Kob-Andersenbinary Lennard-Jonesliquid. A glassat temperature T
was made from a quendied structure (cooled instantaneousto T = 0) taken
from a con guration in equilibrium at T = 0:457 (marked by a arrow). After
500 ps of equilibration, 1000ps of E and p uctuations were used to calculate
W E)Ziglass, N P)?iglass andh E pigass. E and p shoved no drift (anneal-
ing of the glass) compared to the size of the uctuations. Within statistical
error, the classical approac reproducesthe W-U correlation coe cient and
W -U slope of instantaneously uctuations.
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point dependen, scaling can only be approximate. Nevertheless, as shavn
below in simulations, s chosento be the average \y of the state points of
interest givesgood scaling.

The theoretical explanation for hidden scaleinvariance is as follows: First,
recall the work of Hoover and coworkers [Hoover et al., 1970,Hoover and Ross,
1971, Hoover et al., 1971] showing the simplicity of soft-sphereliquids where
particles interact pairwise via an inversepower-law,

o "

Upow(rij ) =" (434)

In such a systems, physical quartities expressedin units of the characteristic
velocity

r
Vs "BTT (4.35)

and the characteristic length

ls v (4.36)
are the samefor state points with the same (Equation 4.33) [Hoover et al.,
1971]. Thus, in scaledunits state points with the same are identical, having
the same structure and dynamics. Therefore, soft-sphereliquids are said to
have scaleinvariance.

Now, considera strongly correlating liquid and recall the origin of the W-U
correlation given in Chapter 3. The pair energy can be written as

U(ri) = UP™(ry ) + brj + U% (ry) (4.37)

where UP%W is referred to as the e ective inverse power-law. Let us con-
sider state points with the same in the NVT ensenble. The trajectory at
thesestateipoints (and in gereral) is determined by the visited energy surface
U(R(1)) = U(rj ), whereR(t) is the 3N coordinate vector of the system,

[br+ U® (rj)]

pairs

pairs
doesnot uctuate (at constart volume) and

U(R(t)) * UP(R(t)) + Up(V): (4.38)

Uo(V) is only a function of volume V. Assumethat UP°" is not too state
point dependert ( wy nearly constart). Then, strongly correlating liquids
inheritd the scaleinvariance of structure and dynamics of soft sphereliquids.
It should be noted that strongly correlating liquids are not as simple soft-
sphereliquids. For soft-sphereliquids the pressurecan be related directly to
the energy 3(pV=(NkgT) 1) = (Ex(NksT) 32)or 3W = U (Appendix
A.1); this is not the casefor strongly correlating liquids as disusedin Chapter
2 (Figure 2.2 page 15). Nevertheless,scaleinvariance is found in simulations
and experimerts as discussedin the following.
Figure 4.7 show the W-U correlation coe cient Ry y and the W-U slope
wu of the Lewis-Wahnstrom OTP model for a range of state points. Since
Rwu is closeto unity (0:90 < Rywy < 0:93) this is a strongly correlating
liquid. Moreover, the slope wy only varies 7% about 7.9 for the investigated
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Figure 4.7: W-U correlation coe cient (top) and W-U slope (bottom) of the
Lewis-Wahnstrom OTP model. The correlation is strong 0:90< Ry y < 0:93
and the slope varies only slightly around 7.9 ( 7%).

state points. For comparison, wy is about 5.9 with the samespread for the
asymmetric dumbbell model (Paper V11 and Paper Xl I1). Therefore, we should
expect the Lewis-Wahnstrom OTP liquid to have scaleinvariance of structure
and dynamicswith ¢ = 7:9.

Figure 4.8 shaws the radial distribution function of three selected state
points. Two of the state points have same and the sameradial distribution
function asa function of scaledlength r°= r(N=V)=2 (although the scalingis
not perfect, seelegendof Figure 4.8). Thus structure canbe scaledasexpected.
The third of the shawn state points hasthe sametemperature asthe rst, and
the samepressureasthe second Howevwer, for this third state point, scaling of
structure fails since is dierent from that of the two other state points. In
Paper XI 11 it is shown that structure of the asymmetric dumbbell model can
be scaleas well (simulations conducted by Thomas B. Schrader).

Scaling of dynamics can be investigated though the di usion constant. Fig-
ure 4.9 shaws scaling of the reduced (using vs and |5 de ned in Equations 4.35
and 4.36) diusion constart D = D(N=V)¥3(kg T=m) 72 [Rosenfeld,1999,
Coslovich and Roland, 2008] of the Lewis-Wahnstrém OTP model. Scaling of
the the asymmetric dumbbell model is shown in Paper VI and Paper XI11. A
equivalent scaling of dynamics has beenreported experimentally [Tolle, 2001,
Dreyfus et al., 2003, Alba-Simionescoet al., 2004 Casalini and Roland, 2004,
Roland et al., 2005]. For van der Waals bonded liquids, the structural relax-
ation is only a function of s=T:

=g( ==T): (4.39)

Howeer, beforethis study, it wasnot knownthat ' y could becalculated
from two responsefunction (seeprevious sedion). At rst, it wasbelieved that
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Figure 4.8: The radial distribution function g(r) (top) at three state points
of the Lewis-Wahnstrom OTP model. The de nition of g(r) is given in 3.2.
In the bottom panelit is shovn that when is the same,then the structure
is also the samein scaledunits. The inset shonv a zoom-in on the rst peak.
Note that the scalingis not perfect. This is presumably a consequencef rigid
bonds connecting Lennard-Jonespatrticles not scaling.
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Figure 4.9: Scaling of the reduceddi usion constart of the Lewis-Wahnstrom
OTP model. Note that the scalingworks whenthe scalingexponent equalsthe

W-U slope s= 79" wu, seeFigure 4.7.
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the scaling worked in generalfor viscousliquids. Howewer, it is now realized
that density scaling doesnot work for hydrogen bonded and covalent bonded
liquids [Ferrer et al., 1998, Hensel-Bielavka et al., 2002, Roland et al., 2006,
Le Grand et al., 2007, Roland et al., 2008]. This agreeswith the theoretical
framework given here, sincetheseliquids are not strongly correlating. In Paper
VI I the failure of scaling for non-strongly correlating liquids is demonstrated
by adding chargesto the asymmeric dumbbell model (simulations conducted
by Thomas B Scrader).

Finally, it should be noted that Coslovich and Roland [2009]in a resen
paper also conrms the theoretical frame work given here in simulations of
viscoushinary Lennard-Jonesmixtures.
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Chapter 5

Volume-energy uctuations of
phospholipid membranes

This chapter reports a simulation study of phospholipid membranes. Some
membranes have strong correlations betweenthe slow volume and energy uc-

tuations. The origin of the correlation can be traced to the van der Waals
bonded core (the fatty acyl chains). Thus, strong correlations of membranes
have the sameorigin asthose of strongly correlating simple liquids (Chapter 3).
This demonstratesthat complex systems, exempli ed by phospholipid mem-
branes,can have properties similar to that of strongly correlating simple liquids
(discussedin previous chapters).

Results of this chapter can also be found in Paper V and Paper X.

5.1 Motiv ation

A phospholipid is an amphiphilic molecule,thus having a hydrophilic and hy-
drophobic part. In water, phospholipids can self-organizeinto membranes,
where hydrophobic acyl-chains are shielded from water as sketched in Figure
5.1.

Figure 5.2 shows two shapshotsof all-atom molecular dynamics simulations
of such two phospholipid membranes (details are given later). The acyl-chains
are disorderedin the membrane to the left, and are ordered in the membrane
to the right. Two such phasesare also found in nature, and are referred to as
the (disordered) L and the (ordered) L phase[Zhang et al., 1995, Nielsen
et al., 2007].

The L ! L phasetranstion is seen as a dramatic increaseof response
functions. Figure 5.3 shawvs excess(caused by the transition) compressibility

1(T), and excesdheatcapacity c,(T)overtheL ! L phasetransition of
a di-myristoyl-phosphatidyl-choline (DMPC) membrane. As seenin the gure,

7(T) and ¢,(T) can be superimposed,

(hv)T

7(T) = V()

& (T): (6.1

Such a proportionalit y is a natural consequencef

Vi= nv Hi (5.2)
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5. Volume-ener gy fluctua tions of phospholipid membranes

Figure 5.1: Sketch of phospholipidsforming a sphericalvesicle. Extruded phos-
pholipids form such vesicles. Often phospholipid vesiclesserne as a simple
model of a biological cell [Alberts et al., 2002]. Hydrophilic head-groups of
lipids are drawn ascircles, and hydrophobic fatty acyl-chains aslines. The gray
arearepresers a hydrophobic region, separating in-site water form out-site
water. The gure is copiedfrom my master thesis [Pedersen,2005]. Figure 5.2
show a snap-shotfrom a simulation of such a phospholipid membrane.

Figure 5.2: Snap-shotfrom all-atom simulations of two fully-h ydrated DMPC
membranes. The membrane on the left is in a disordered phase whereasthe
menbrane on the right is in an ordered phase. Hydrogen is not shavn for
clarity, but is includedin the actual simulations. The blue wire-frame indicates
the periodic boundary box. This gure can also be found in Paper X.
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A simulation study

Figure 5.3: Heat capacity and volume expansioncoe cien t of extruded DMPC
vesicles(Figure 5.1) at the phasetransition. The two curvescan be superim-
posed,Equation 5.1. This gure is copied from Ebel et al. [2001].

for available micro-states [Ebel et al., 2001, Heimburg, 1998]. Note that this
equation is similar to Equations 4.5-4.8 (page 32). This suggestsa connec-
tion between strongly correlating liquids and membranes. As a part of my
master thesis, | simulated phospholipid membranes[Pedersen,2005, Pedersen
et al.,, 2007]and it was therefore natural to revisit the simulated membranes
to investigate the above proportionalit y.

Before moving on, the importance for biological membranes(wherethe ma-
jor constituents are phospholipids), of a proportionalit y should be mentioned.
The convertional wisdom is that nerve signals are carried as electrical signals
as formulated in the theory by Hodgkin and Huxley [1952]. Howewer, recertly
Heimburg and Jackson [2005] shaved that biological membranes may carry
solitonic sound waves, and subsequetly speculated that nerve signalsmay be
carried this way [Heimburg and Jackson, 2007]. An elemen in the Heimburg-
Jadckson theory of nerve signalsis that enthalpy and volume are correlated in
their slow thermal uctuations.

5.2 A simulati on study

The following study includessimulations of seven membranes(simulations con-
ducted by Gilnther H. Peters). The following abbreviations are used:

DMPC-f:  fully hydrated di-myristoyl-phosphatidyl-choline membranein uid
phase. The initial con guration is taken from Reference[Pedersenet al.,
2007].

DMPC-g: fully hydrated di-myristoyl-phosphatidyI-cholin membrane in or-
dered phase. The initial con guration is built from a con guration in
Reference[Venableet al., 2000].
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DPPC-f:  fully hydrated di-palmitoyl-phosphatidyl-choline membrane in uid
phase. The initial con guration is taken from Reference[Sonneet al.,
2007].

DPPC-g: fully hydrated di-palmitoyl-phosphatidyl-choline membrane ordered
phase. The initial con guration is built from a con guration in Reference
[Venableet al., 2000].

DPPG: fully hydrated di-palmitoyl-phosphatidyl-glycerol membrane in uid
phasewith calcium courter ions. Initial con guration is taken from Ref-
erence[Pedersenet al., 2006].

DPPS: fully hydrated di-myristoyl-phosphatidyl-serine membranein uid phase
with calcium courter ions. Initial con guration is taken from Reference
[Pedersenet al., 2006].

DMPSH: fully hydrated and protonated di-myristoyl-phosphatidyl-serine mem-
branein uid phase. Initial con guration is taken from Reference[Ped-
ersenet al., 2006].

Somesimulation details are given in Table 5.1, however, for more details the
reader is referred to Paper X and ReferenceqdPedersen,2005, Pedersenet al.,
2006, 2007].

It is not feasibleto have the simulation temperature at the phase tran-
sition and test Equation 5.1 directly since relaxation time of the memnbrane
simply exceedsthe simulation time. However, as demonstrated in the follow-
ing, volume-energycorrelations are also present in the uid and the ordered
phase(where quasi equilibrium states can be reached).

Figure 5.4 shows a time-series of slow thermal uctuation of volume and
energy (of the DMPC-f membrane). Volume and energyare strongly correlated
with a correlation coe cien t of

Ryy=peo V- 77 (5.3)
h U)2ih( V)i

where the bar indicates an averaging window of % ns. This averagesout fast
uctuations. If no averaging is done, the correlation coe cien t is reducedto
Ryu = 0:35. As sea in the following, this is partially due to fast uctuations
of the water (recall that water is not a strongly correlating liquid as shawvn in
Figure 2.3 page 16).

Table 5.1 list Ry, and Figure 5.5 shaows the time-dependert correlation

correlation coe cien t,

- h U©) V()i
Rvu(t) = p h U0) U()ih V(0) V(t)i,

of the seven membranes. Five of the membranes, DMPC-f, DPPC-f, DPPC-
g, DMPG and DMPSH, have strong correlations in the slov volume-energy
uctuations with R,y 0:75and Ryy(t > 0:5ns) > 0:75. The origin of the
correlation can be traced to the hydrophobic (van der Waals bonded) core of
the membrane. This can be quanti ed asdonein the following:

First, the atoms are divided into three groups, using the following sub-
scripts:

(5.4)
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Figure 5.4: The top panel shovs normalized uctuation of volume, V(t)= ,
and energy U(t)=  of the DMPC-f membrane. The bar indicates a % ns
averaging window. V and U are strongly correlated with a correlation
coe cien t of Ry, = 0:77. The bottom panelshows normalized uctuations of
the Voronoi volume of the tail region, V;(t)= ,,, and Lennard-Jonesenergy
of tail-region, UM (t)= up - The correlation coe cien't is RVMUILJ = 0:87.
There gures can also be found in Paper X.
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Table 5.1: Overview of simulation details and results

tsm troa Nip T Re | Ry, vy Ry,
[ns] [ns] (K]
DMPC-f 151 121 128 330 33 0.77 6.7 0.82
DMPC-g 65 36 64 286 33 0.47 4.3 0.31
DPPC-f 180 124 72 325 29 087 7.1 0.89
DPPC-g 78 48 64 304 33 0.75 4.6 0.71
DMPG 149 49 128 330 33 0.82 5.9 0.80
DMPS 139 49 128 340 36 0.59 5.3 0.64
DMPSH 136 35 128 340 37 0.78 9.2 0.84

tsim : Total simulation time in nanosecondsjyroq: Length of production run
in nanosecondqonly membranesin quasi-equilibrium, i.e., with no detectable
drift in the area per molecule,wereincluded in the data analysis); N, : Number
of lipid molecules; T: Temperature in Kelvin; Nya =Njjp: Number of water
moleculesper lipid molecule;Ry, ;: Energy-Volume correlation coe cien t;
Energy-volume scaling factor in A% mol/k cal; Ryu,: Energy- Energy of acyl
groups correlation coe cien t.

Figure 5.5: Time-dependert correlation function of volume-energy (Equation
5.3. DMPC-f, DPPC-f, DPPC-g, DMPG and DMPSH menbraneshave strong
volume-energy correlation in the slow uctuations, Ryy(t > 0:5ns) > 0:75.
This gure can alsobe found in Paper X.
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Figure 5.6: The principle of construction of Voronoi polyhedrons [Voronoi,
1908]. For simplicity, a construction in two dimensionsis shavn. On the left,
circles represent particles. The Voronoi polygon of the certer atom is drawn
with full lines. Points included in this volume have the certer particles asthe
closestparticle. The Voronoi polygonsof a collection of particles are shavn on
the right. Note that the Voronoi polygonstile space.The total areais therefore
the sum of Voronoi areas. In three dimensionspolygonsbecomepolyhedra and
the total volume is the sum of the Voronoi volumes. This gure is copiedfrom
my mager thesis [Pedesen, 2005].

t for tail. Atoms of CH, and CHjs groups of the fatty acyl-chains.
Shawn aslight blue atomsin Figure 5.2,

h for head. The remainder of the lipid atoms. As seenin Figure 5.2, these
atoms are located in the interface and are in closecontact with water.

w for water. Showvn asred spheresin Figure 5.2. Note that water is excluded
from the core of the membrane.

The volume of a given region is calculated by summing Voronoi volumes
[Voronoi, 1908]of the heavy atoms (excluding hydrogen);V = Vi +V,+V,,. The
principle of construction Voronoi polyhedrons are given in Figure 5.6. Also,
energy can be split up in three contributions; U = U; + U, + U, where
U'(.:oul + } X

i

i=xj=all i=xj= all

1 X

Uy = U™ + = Ui ; (5.5)

with x either tail, head, or water. U"" is the energyof intra-molecular bonds,
UijCOUI =GgG=(4 orj); (5.6)
is the Coulomb energy of two pairs, and
Uit =47 (= )2 (i =ry)°) (5.7)
is the Lennard-Jonespair energy
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Figure 5.7: Terms of equation 5.8 for the DMPC-f membrane. Seetext after
this equation for more details. This gures can also be found in Paper X.

The auto-correlation functions of volume and energy (Equation 5.4), can
now be split into six terms:

h V() V(b)i

h Vi(0) V()i

h Vh(0) Vn()i

h Vw(0) Vw(t)i

2h Vi(0) Vh(b)i

2h Vi(0) V(D)

2h Vh(0) Viw()i: (5.8)

+ + + + +

with V either E or V. Figure 5.7 shows the six terms of volume and energy
respectively (DMPC-f membrane). The only non-vanishing term of slow (t ' %
ns) uctuations of volumeis h V;(0) Vi(t)i, showing that slow uctuations
of volume are dominated by the tail-region, as expected. Also slow energy
uctuations are dominated by the tail region. Howewer, it should be noted that
the contributions to uctuations from water and head-regionare signi cant. As
discussedlater, this weakensthe (total) volume-energycorrelation of a given
membrane, explaining that some membranes have stronger U-V correlation
than others.

Also, Figure 5.7 shavs an additional splitting of the tail-energy in inter-
molecular bond energy Lennard-Jones(or van der Waals) energyand Coulomb
energy (similar to that of Equation 5.8). As expected, slow uctuations are
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dominated by the Lennard-Jonescontribution.
The analysis suggeststhat the origin of the (total) volume-energycorrela-
tion can be traced to the van der Waals bonded tail region:

(VA B V (5.9)

where
X
Ui (5.10)

i=tails j=all

Remenber, however, that we throw away some non-vanishing energy terms.
Nevertheless,RV‘;U[u = 0:87 is larger than Ry = 0:78 strengthens this con-
clusion. As mentioned earlier, the correlation is weakened by the tail-energy
not completely dominating slow uctuations. To investigatethis further, Ry,
can be usal as a measue of how much of the energy uctuations comesfrom
the tail region. Comparing Ry, with Ry, , asdonein Table 5.1, shaws that
large valuesof Ry, is followed by R/, and vice versa.
Finally, a volume-energyscaling factor (or slope) can be calculated from
the simulations as s
_ hCVv)d
VU — I”( U)Zi

The experimental value (Equations 5.1) is found to be (7:788 0:110) 10 4
mL/J = (5:418 0:077) A mol/k cal for DMPC membranes|[Ebel et al., 2001].
This roughly agreeswith the valuescalculated in simulations, as seenin Table
5.1. Onecaveatis that  of the uid membranesis approximately two times
that of the ordered membrane. From the scaling given by Equation 5.1 it is
expected that they should be the same. More work is neededto clarify this.

Finally it should be noted that energy and volume generally do not have
signi cant correlation with membrane areaor the chain order parameter de ned
as [Tieleman and Berendsen,1996]

(5.11)

3 1
Sco = coS(cp) > (5.12)
2 2 4

where ¢p is the angle betweenthe membrane normal and the C-H bond of
a given methylene group, and h::i., denotesan average over all methylene
groupsin all chainst. Correlation coe cie nts are listed in Table 5.2.

To conclude this chapter: It has beenthat demonstrated that a complex
systemcan have properties similar to that of a strongly correlating liquid. Note,
the importance of semration of time-scales What happensis that a strongly
correlating elemern of the system dominates uctuations on sometime-scale.
In membranes, slow uctuations of energy and volume are dominated by van
der Waals bonded core. Qualitativ ely this corresponds to what is shown in
Figure 4.1 (page 35).

INote that usually a static Scp is reported, and for individual methyl-groups. Here a
dynamic version is de ned.
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Table 5.2: Correlation coe cie nts

Rvuv vu | Ruu, | Rua Rva Rascy,  Rusey,  Rvse,
DMPC-f 0.77 6.7 | 082 | 0.50 0.57 -0.75 -0.49 -0.54
DMPC-g 0.47 43 | 031 | 0.02 0.05 -0.64 0.12 0.14
DPPC-f 0.87 71 | 089 | -0.29 -0.36 0.00 -0.61 -0.71
DPPC-g 0.75 46 | 0.71 | -0.16 0.12 -0.67 0.09 -0.07
DMPG 0.82 59 | 0.80 | 041 040 -0.76 0.01 0.08
DMPS 0.59 53 | 064 | 0.30 0.28 -0.71 0.04 0.20
DMPSH 0.78 92 | 0.84 | 043 051 -0.50 0.05 0.14

Ry y: Energy-Volume correlation coe cien t;

cient; Rya:
relation coecien t; Ras.,

vu. Energy-volume scaling fac-
tor in A3 mol/k cal; Ryu,: Energy- Energy of acyl groups correlation coef-
Energy-Area correlation coecient; Ry,: Volume-Area cor-

. Area- chain order-parameter correlation coe -

cient; Rys., - Energy- chain order-parameter correlation coe cien t; Ry g, :
Volume- chain order-parameter correlation coe cien t.
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Chapter 6

Stabilit y of a binary mixture

Long-time simulations are important for computational studies of viscouslig-
uids. It is now possibleto investigate low temperature liquids with seeral
decadeof relaxation times. Nowadays, simulation times of 0.1 ms are within
reach for a system of 1000 particles, Figure 1.7 (page 8). As showvn below,
however, some of the standard models usedin the computational community
of viscousliquids crystallize on thesetime-scale. Paper Il reports crystallization
of the Wahngrdom binary Lennard-Jonesliquid [Wahnstrém, 1991]. Toxveerd
et al. [2007]report crystallization?® of the Kob-Andersen Lennard-Jonesliquid
[Kob and Andersen, 1994,1995a,b]. Also the ortho-terphenyl model suggesed
by Lewis and Wahnstrom [1994] crystallizes as seenin Figure 6.1.

The following sectionsgives a detailed investigation of the stability of the
Wahnstrom binary Lennard-Jonesliquid. A paper including these results are
at the momert in the processof being written in collaboration with Peter
Harrowell (School of Chemistry, University of Sydney). The stability of the
Kob-AndersenLennard-Jonesliquid is only brie y discussed.More details can
be found in Paper XI. Crystallization mecanism of the Lewis-Wahnstrom o-
terphenyl model have not beeninvestigated in details. However, the structure
of the formed crystal is showvn in Figure 6.1.

6.1 The Wahnstrom binary Lennard-Jones mixture

This mixture was originally suggestedby Wahnstrom [1991]to study viscous
liquid dynamics. It condsts of two kinds of Lennard-Jonesparticles, labeled
A and B, where the diameter of B particlesis gg = aa = 1:2 that of the A
particles. The composition is equivmolar, No = Ng. Seesection1.2.1, Paper
Il and Figure 1.4 for more details.

lin the nal days before handing in the thesis, it was realized that the force parameters
for simulating the Kob-Andesen liquid was implemented wrong. The Lennard-Jones binding
energies simulated were "0 = " where and " are the original Kob-Andersen
parameters. Thus, the binding energiesof BB pairs, "gB = pgg "B = 0:88 0:5= 0:44, and
AB, "28 = as "ag = 0:8 1:5= 1:2, pairs were reduced. A reduction of the AB binding
energy will increase composition uctuations, and thereby making the system more prone to
crystallization. It is therefore still an open question on what time scale the Kob-Andersen
mixture will crystallize.
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Figure 6.1: Crystal formed spontaneously from the melt of the Lewis-
Wahnstrom o-terphenyl model [Lewis and Wahnstrom, 1994] (three Lennard-
Jones particles placed in a isosceledriangle with an angle of 75°, seeFigure
1.5). As seenin the upper part of the gure, all of the 324 molecules are ar-
ranged in an ordered structure (center particles are colored blue). A part of
crystal viewed from two anglesis shown in the lower part of the gure. The
gray lines are guidelinesfor the eye.
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Figure 6.2: Time seriesof energy in two (selected) simulations of the Wahn-
strdm binary Lennard-Jonesliquid at T = 0:624. The dramatic drop in enagy
is a consequencef crystallization. The structural relaxation time of the liquid
is of the order of a nanosecond.

6.2 The crystal

The Wahnstréom binary Lennard-Jonesmixture can spontaneouslyform a crys-
tal from the melt. This is seenasa dramatic drop in energyasshawn in Figure
6.2. An inspection of particle positions, as donein Figure 6.3, revealsa large
crystal with MgZn, structure? (and defects). The MgZn, structure is not built
into the model, and was not, the authors knowledge, predicted. Table 6.2 lists
the energy and volume of someclose-paked crystal structures. This analysis
indeed suggess that the Mgzn, structure is the true ground state.

The crystal is one of the so-called Laves phasesthat comprise the largest
group of inter-metallic phaseg[Stein et al., 2004,2005]. Understanding crystal-
lization of a Lavesstructures is thereforeimportant in its own righb ‘MgZn; has
optimal padcing of hard-sphereswhen the sizeratio is g= Ao = 3=2' 1:22
closeto the sizeratio g= o = 1:2 of the Wahnstrom mixture. This close-
padcking feature of MgZn, makescrystallization related to pading.

The crystal formed is remarkable on two accourts: i) The AB liquid is o -
composition comparedto the A,B crystal. Hence, a signi cant composition
uctuations must accompani crystal formation. ii) The crystal structure is
quite complex, having a unit cell of 12 particles. In the light of this, it is
remarkable that the crystal forms at all. This is naturally alsothe reasonwhy
crystallization of this model has not beenreported before.

2MgZn , structure (C14) have a trigonal, hexagonal unit-cell with P63/mm symmetry
with six A parti cles on the h position, two A particles on the a position and four B particles
on the f position, where h, a and f are the Wycko letters [Pearson, 1972, page 657].
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6. Stability of a binary mixture

Figure 6.3: Crystal formed spontaneously from the melt of the Wahnstrom
binary Lennard-Jonesliquid. B particles are colored white (light gray) and
A particles are colored green (dark gray). The coordinates are the quended
structure taken at the last point of the black curve in Figure 6.2. The left
hand side of the gure shows the positions of all the particles. The crystal
lIs roughly half of the box. The remainder of the box is lled with a B-rich
liquid sincethe total composition is AB whereasthat of the crystal is A;B.
The structure of the crystal is MgZn,, is showvn in Figure 6.5. The right hand
side of the gure shows the formed crystal represetted as Frank-Kasper bonds
(seeFigure 6.7). Con gurations are rotated for maximum clarity.

6.3 Mechanism of crystallization

First, de ne the rst shell as particles within the rst peak of the radial dis-
tribution function g(r) using the rst minimum ascuto, asshown in Figure
6.4. Then, de ne local composition as st = Zg=Z, where Zg is the number
of B particles, and Z is the total number of particles in the rst shell.

Let us take a closerlook at the MgZn, crystal structure shown in Figure
6.5. The smaller A particles have distorted icosahedral rst shells with a lo-
cal composition of = 0:5. Figure 6.6 shows the distribution of rst shell
arrangemeris of the liquids. Note that the most common s of the samekind
as the crystal. Coslovich and Pastore [2007] also noted the high abundant of
this arrangemen. Sothe local arrangemen around A particles is roughly the
samein liquid and crystal. On the other hand, crystalline B particles have
a rst shell that is very dierent from the liquid. The crystalline B particles
have a high coordination of 16 particles and a local composition of § = 0:25.
This rst shell arrangemen is unusual in the liquid (Figure 6.6). Thus, the
structural uctuation leading to crystallization impliesa signi cant change of
the rst shells of B particles. Note that the composition uctuation neeced is
only seenaround B patrticles.

To undertake a study of the rearrangemen assaiated with crystallization,
we needto characterize local structure. | have extendedthe common neighbor
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Mechanism of crystallization

Table 6.1: Energy and packing of Wahnstrém crystals.

Crystal V=N U=N First shell compositions
N ["aal
Pure A
FCCY(A) 0.93663 -7.26293 A-12-0
A>B mixture

(Lave§ MgCu, 1.13351 -7.28515 A-6-6 and B-12-4
(Laves)MgZn, 1.13193 -7.29910 A-6-6 and B-12-4
(Lave§ MgNi, 1.13275 -7.29179 A-6-6 and B-12-4
MoPt, 1.16593 -6.83436 A-9-5 and B-10-4
MoSi, 1.16594 -6.83429 A-9-5 and B-10-4
AB mixture
Liquid 1.33341 -5.37896 Figure 6.6
CuAu 1.26577 -6.84244 A-3-8 and B-8-6
FeB 1.26449 -6.84971 A-4-8 and B-8-6
3Mgzn,(A,B)+ sFCC(B) 1.23842 -7.20207  A-6-6, 75%B-12-4
and 25% B-0-12
3Cuzr,(AB,)+ AFCC(A) 1.26088 -6.91559 75% A-4-8, 25% A-12-0
and B-4-9
3Cu(A)+ ZFCC(B) 1.24726 -7.08695  A-12-0 and B-0-12
AB > mixture
CuZr, 1.36896 -6.79967 A-4-8 and B-4-9
3MgzZn,(A,B) + SFCC(B) 1.39815 -7.05651  A-6-6, 37.5%B-12-4
and 62.5%B-4-9

Pure B
FCC(B) 1.55788 -6.91096 B-0-12

Energies and volumes were calculated on the basis of N pT simulations of pure crystals:
FCCY of A particles, MgCu 2, MgZn 2, MgNi 2, MoPt 2, MoSi,, CuAu, FeB, AB, CuZr, and
a FCC of B particles. Crystals where simulated at T = 0:624 and p = 4:7 (same as liquid).

All these crystals are stable at this temperature and pressure (in the simulated time
interval of some nanoseconds). The candidates for structures where selected from Reference
[Kummerfeld et al., 2008] and private correspondence with Toby S. Hudson. Note that at
all the investigated compositions, MgZn > in combination with a pure FCC crystal (A or B)
has lowest energy and volume, thus this is a good candidate for the true ground state of the
system (of-course, Gibbs free energies are the appropriate quantities to compare). YFCC:
face center cubic or Cu. The energy of the FCC crystals (pure A and pure B) are dieren t
although "aa = "gg . The dierence is an artifact of the truncation of the potential.
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6. Stability of a binary mixture

Figure 6.4: Radial distribution function g(r) of the liquid at T = 0:624 The
rst minimum is usedascut-o for when de ning particles of the rst shell.

analysissuggestedby Honeycutt and Andersen[1986]soit takesthe two kinds
of particles into accourt: Consider two neighbor particles and their common
neighbors as shawvn in Figure 6.7. Six integersis usedto characterize such a
(two colored) bi-pyramid graph, Rnang Saa Sas Seg - Where R is the type of
neighbor pair soR = 1 for AA, R = 2 for AB and R = 3 for BB, na and ng

is the number of A and B common neighbors respediv ely, and saa , Sag and
sgg IS the number of AA, AB and BB corntacts amongst common neighbors.
We will referto such alocal arrangemert asa bond. For later use,the stabilit y
of a commonneighbor arrangemert is measuredasthe time interval of the rst

and the last obsenation. This is referred to as the lifetime. Note that in this
time interval a particle can leave the arrangemen as long as it returns at a
later time.

The crystal is madeup of just v etypesof bonds. Three AA bonds, 114023,
123122and 132221,an AB bond, 232140,and a BB bond, 360600. In the
following the 360600BB bond will play an important role in the analysis. As
seenin Figure 6.5 the MgZn, crystal structure can be viewed as a hexagonal
diamond structure of B particles connectedby such bonds. Hence,eat B has
four 360600bonds pointing to the corners of a tetrahedron as seenon Figure
6.5. The 360600-tetrahedronis the basic elemen of all the Laves structures.
The di erence betweenthe structures is how the 360300-lmnds are connected.
Sud an analysiswas the subject of the celebratedwork by Frank and Kasper
[1958, 1959]. In acknowledgmert of their work we will hencdorth referrer to
360600bondsasFrank-Kasper bonds. A Frank-Kasper bond is shown in Figure
6.7.

Let us return to the liquid (at T = 0:624). Figure 6.8 shows the average
lifetime and abundanceof bonds in the liquid. The most common and stable
AA and AB bondsare the oneswith v e bondedcommonneighbors, na + ng =
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Mechanism of crystallization

Figure 6.5: The MgZn, crystal structure of the Wahnstrom binary Lennard-
Jones liquid. The white B particles are arranged in a hexagonal diamond
structure, connected with Frank-Kasper bonds (see Figure 6.7). Only rst
shell green A particles of the certral B are shown for clarity. Particles have
three kind of rst shellsshown in the lower part of the gure.

Saa * Sag t+ Sgg = 5. Theseare of the samekind asthe bonds of the crystal.
This is consistent with the previous conclusion,that the local ervironment of A
particles is similar to that of the crystal. Thesebonds are not only abundart;
they are alsothe most stable. This is an interesting obsenation. Somecrystal
structure is built into the liquid, and, moreover gives stability to the liquid.
We will return to this when discussinglong-lived structural uctuations of the
liquid, Subsection6.4.

One BB bond is dierent from the others, and that is the Frank-Kasper
bond (Figure 6.7). As seenin Figure 6.8, there are only about six of these
bonds, but whenthey arethere, they are long-lived. The low abundancemakes
Frank-Kasper bond ideal for investigating the onset of crystallization. Figure
6.9 shaws the number of Frank-Kasper bond at the crystallization evert and at
somepoints wherethe liquid experiencetransient dips in energy At the onset
of crystalli zation there is, as expected, a large increaseof Frank-Kasper bonds.
Howevwer, alsoin the meta-stableliquid, largetransient clustersof Frank-Kasper
bonds appear. If two B particles, having one or more Franks-Kasper bonds,
sharesA particles, that are a part of these bonds, we will considerthe two B
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6. Stability of a binary mixture

Figure 6.6: Distribution of rst shells of Wahnstrom binary Lennard-Jones
liquid. Note that the most frequert rst shell of A particles are the sameasin
the crystal, whereasthis is not the casefor the B particles.
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Long-lived structural uctuations stabilizing the liquid

Figure 6.7: Neighboring particlesand their common neighbors characterize by
six integers, Rnang Saa Sag Sgg - The arrangemen on the left is a AA pair,
R = 1, with one common A, na = 1 and four common B particles, ng = 4.
The common neighbors have none AA cortacts, sapa = 0, two AB cortacts,
saa = 2, and three BB contacts sgg = 3. Thus, this is a 114023-lond. The
arrangemert on the right is a 360600-tond referredto asa Frank-Kasper bond.

particles to bein the samecluster. Figure 6.10shows the largest clustersat the
transient dips in energy showvn in Figure 6.9. Someof the clusters are dense
and similar to the crystal, whereasothers are open structure not similar to the
crystal. Clearly such an open structure hinders crystallization. Also, clusters
tend to have (broken) pentagons of Frank-Kasper bonds. This is not a feature
of the crystal, and will hinder crystallization. In other words, besidesforming
the Frank-Kasper bonds, the bonds also have to be arrangein the right way.

The onsetof crystallization must be accompaniedby a signi cant composi-
tion uctuation. Figure 6.11 shows the averagelocal composition of B particles
with zeroto four Frank-Kasper bonds. Note that a substartial part of the com-
position uctuation takesplace at the formation of just a single Frank-Kasper
bond.

We now have a rather complete picture of the crystallization of the Wahn-
strém binary Lennard-Jonesliquid. Let us summarize. Local crystalline-like
structure of A particles are build into the liquid as distorted icosahedrawith

fs = 0:5. However, B particles are not in a local crystalline-like environment.
The formation of a Frank-Kasper bond, accompaniedby a composition uctu-
ation setsthe onsé of a possiblecrystallization evert. A cluster will form, and
if it is compactit can cortinue to grow and evertually lead to non-reversible
growth.

6.4 Long-liv ed structural uctua tio ns stabilizing the
liquid

This section addresseghe question: What are the long-lived structural uctu-

ations stabilizing the metastable liquid? We will addressthis question by an

invedigation of the 10% of particles with the longest lifetimes of rst shells.

Figure 6.12 shows a cluster analysis of these particles. Stable particles are not
randomly distributed, but are form extended clusters. With decreasingtem-
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6. Stability of a binary mixture

Figure 6.8: Scatter plot of frequency and averagelifetime of common neighbor
bi-pyramids. Seetext for more details.

perature the characteristic sizeof thesecluster grow. This is an exampleof the
well-known heterogeneity of viscousliquids [Ediger, 200d.

Figure 6.13show the rst shelldistribution of stable particles, relativeto the
overall distribution. It is possibleto identify a particular stable local arrange-
mert: the distorted icosahedra(Z = 12) rst shellsof A particles. Coslovich
and Pastore [2007]also note that the frequencyof this arrangemert grows with
decreasingtemperature and assaiated this with the non-Arrhenius growth of
the structural relaxation time (although they use a Voronoi construction to in-
vestigate neighboring particles, seeFigure 5.6). The most stable rst shells of
B particles are lessdistinguishable. Nevertheless,a high coordination number
tends to give stability. Note that the more crystalline-like the arrangemen
is, the more stabilit y it gives. In other words, the crystal and the liquid use
the samekind of arrangemert to get stability. Stability is gained both for the
liquid and crystal by the samekind of local packing. This is an interesting
obsenation. Often, properties of the liquid are regardedas disconnectedfrom
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Figure 6.9: The top panels shov quended energy In Panel 1A the drop in
energy is a result of crystallization. In the remaining panels reversible drops
in energy are observed. The lower pands show that the drops in energy are
accompaniedby the formation of extended Frank-Kasper cluster. Clusters at
times marked with arrows are shown in Figure 6.10.

the crystal. Here, a connection is demonstrated. The reasonwhy the liquid
and crystal can use the samekind of local arrangemerts is the complexity
of the crystal. The locally preferred arrangemen can be assenbled in many
ways, without forming a crystal. The liquid could be said to have entropic
frustration . This phraseis inspired by geometric frustration, usedto explain
metastability of the single componert Lennard-Jonesliquid (in three dimen-
sions’). The locally preferred structure of the liquid is a perfect icosahedron.
Icosahedracannot tile spaceto make a crystal, and the liquid is said to have
geometric frustration [Sadcc and Mosseri, 1999, Tarjus et al., 2005](the crys-
tal hasthe face certered cubic structure). The locally preferred structure of a
liquid with entropic frustration cantile space,however, many non-crystal struc-
tures can also be build (high entropy). Other systemswith somecomplexity
of the crystal could also have entropic frustration.

3In two dimensions the is no frustrati on of a single particle liquid. The locally preferred
structure is a hexagon. Hexagons can tile spaceto make a crystal.

69



6. Stability of a binary mixture

Figure 6.10: Represemativ e transient Frank-Kasper clusters. Seethe legend
of Figure 6.9 for details about the shown clusters. The cluster at the top is
denseand similar to the crystal. The middle cluster hasa more open structure.
Note also the broken pentagon certral in the cluster. This is not a feature of
the crystal, and will clearly hinder crystallization. The bottom cluster have an
even more open structure, not similar to the crystal.
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Figure 6.11: Local composition, §, of B particles. Note that a large com-
position u ctuation is assa&iated with the formation of a single Frank-Kasper

bond.

Figure 6.12: Cluster analysisof 10% most long-lived rst shdls. The top panel
shows the cluster distribution at di erent temperatures. The lower left panel
shaws that long-lives particles tends to be in large cluster. The lower panel to
the right shows that the characteristic cluster sizeincreasewhen temperature

is lowered.
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6. Stability of a binary mixture

Figure 6.13: First shell of 10% most long-lived rst shells. Note that particles
with coordination of Z=12 especially stable.

6.5 Kob-An dersen binary Lennard-Jones mixture

The crystallization of the Kob-Andersen binary Lennard-Jonesliquid is dis-
cussedbriey in the following. The reader is referred to Paper XI for more
details.

For both the Wahnstréom and the Kob-Andersenbinary Lennard-Joneslig-
uid the sizeratio of particles is about 1.2. Howewer, a di erence is that the
latter strongly disobeys the Lorentz-Berthelot rule, resulting in a strong AB
attraction (seeFigure 1.4 on page 6). Usually the Kob-Andersen mixture is
simulated at A4B; composition where B refersto the smaller particle?, but if it
is simulated at AB composition it will quickly crystallize in a CsCl structure.
Figure 6.14 shows the distribution of rst shells of the Kob-Andersen binary
Lennard-Jonesliquid at the A;B; composition. Note that strong AB attraction
reduce composition uctuations (compare to the Wahnstrém mixture, Figure
6.6). This prevents the AB crystal from forming at g = 0:20. Howevwer,
a composition uctuation can lead to crystallization of A particles in a face
certered cubic (FCC) structure as demonstrated by Toxveerd et al. [2007,and
Paper XI]. Crystallization into a pure FCC crystal of A particles and a mixed
CsCl crystal wasforeseenby Fernandezand Harrowell [2003]. The FCC crystal
is simple with only a single particle in the unit-cell. Thus, the crystal do not
have the complexity of the Wahnstrom binary Lennard-Jonesliquid, making
the crystallization medanism simpler.

Crystallization is avoided, if the AA and BB pair potential is truncating at
the minimum and leavethe AB pair potential untouched (Paper XI, simulations
conducted by SgrenToxvaerd). SeePaper XI for more details on this.

4The standard notation is used for classifying small and large particles. For the Wahn-
strom liquid the larger particles are B's and smaller particles are A's. For the Kob-And ersen
liquid the standard notation is the opposite so larger particles are A's and smaller particles
are B's.
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Figure 6.14: First shdls of the Kob-Andersen binary Lennard-Jones liquid.

Note that local composition uctuations 6 are small compared the Wahn-
strdbm mixture, Figure 6.6. This is a consequencef strong AB attraction, see
text. The most frequert rst shellsare dierent from the crystal (CsCl and

pure A FCC), seetext.
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Chapter 7

Outlo ok

As a summary of the thesis, this chapter provides a list of open questionsand
future resear® projects that would be a natural continuation.

A: The model systemsinvestigated (seeFigure 2.3 on page 16) in the study
of thermodynamic uctuations do not take quantum e ects explicitly
into account. First principles molecular dynamics simulations (lik e the
method suggestedby Car and Parrinello [1985]), would be valuable to
get a better understanding of the thermodynamic correlations of real
systems.

B: Strong W-U correlations of the Lennard-Jonesliquid are explained by
an e ectiv e inversepower law (Chapter 3). Paper Xl 1l test and con rms
the e ectiv e inversepower law explanation for the asymmetric dumbbell
model. Howevwer, this should also be done for more molecular systems.

C: The revising of the classical Prigogine-Defay ratio supported the con-
jecture of Section 2.2, that van der Waals bonded liquids are strongly
correlating liquids. This raisesthe question: What other kinds of lig-
uids are strongly correlating? Simulations of the metallic systems Cu
and MgCu exhibit correlation coe cien ts of Rwy = 0:926 (T = 2340K
and = 1258 mol/l) and Rwy = 0:797 (T = 650K and = 85 mol/l)
respectively (Paper VIII). The metallic mixture ZrTiCuNiBe hasa clas-
sic Prigogine-Defay ratio of 2S¢ = 2:4, corresponding to a correlation
coe cien t of ( g'TaSSiC) 12 = 0:65. Simulations and experiments can be
usedto clarify if somemetallic systemsshould be included in the classof
strongly correlating liquids.

D: Relaxation of strongly correlating viscous liquids are simpler than that
of viscousliquids in general. This has beendemonstrated for relaxation
of thermodynamic quartities like V, E, p, T. It would be interesting if
structural quartities follow the samerelaxation. This can beinvestigated
in simulations. In fact, somepreliminary studies (data not shown) of the
Wahnstrom binary Lennard-Jonesliquid suggestthat the number of 12
coordinated A particles, N1z, (Section 6.4) follows the (thermodynamic)
single parameter. If this is the case,it reasonableto refer to the single
parameter as a structural order parameter.
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7. Outlook

E: Let usassumethat N1 follows the (thermodynamic) single parameter.
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Recall that 12-coordinated A particles were important for the stability
of the Wahnstrom binary Lennard-Jonesliquid (Section 6.4). Thus, the
single parameter determineshow fast the liquid relaxesat a giveninstant.
This may be related to the so-callel internal clock of a viscous liquid
[Olsenet al., 2008].

Values of the static NpT response functions of the glassand liquid at
Ty can be found in litte rateur for numerous liquids. These values can
not only be usedto calculate the classicalProgogine-Defy ratio (Table
4.1), but also estimate a  y-slope (see Subsection 4.1.3 on 40). This
estimated y is expectedto be equalto s determined from scaling of
structural relaxation time (Section 4.2).

Figure 4.8 (page 45) shaws scaling of the radial distribution function of
the Lewis-Wahnstrom OTP model of two state points with the same
However, the scalingis not perfect as seenin the inset zooming in on the
rst peak. It is speculatedthat this is due to intramolecular bonds. This
should be investigated further.

As discussedin Section 4.1.3, the classical approach of investigating
strongly correlating viscousliquids is approximate. Experimentally mea-
suredfrequencydependert or time dependert responsefunction is a more
direct approadh. This is an ongoingwork of the Glassand Time group.

. The study of phospholipid membranesdemonstratedthat strong correla-

tions are presert in the slow thermodynamic uctuations of membranes.
Onecaveatis that  is not the samefor the orderedand the disordered
phase. This should be investigated further.

Other complex systems,where slow dynamics can be traced to a van der
Waals bonded region, could have strong thermodynamic correlations (on
sometime scale). Proteins could be such systems.

Chapter 6 reports crystallization of the Lewis-Wahngrdm OTP model.
More work is neededto identify the crystal structure (Figure 6.1) and
to undertake a study of the crystallization. A part of this would include
de ning an orderparameter. Understanding the crystallization meda-
nism of this one-compnert systemis interesting: Experimentally, OTP
shows an interesting mecanics for crystallization closeto the glasstran-
sition. In the most of the supercooled regime, the growth rate is limited
by molecular di usion. Howewer, Mapeset al. [2006] have reported that
closeto the glasstransition crystal growth is not limited by di usion, but
takesplacefaster. Apparently, local molecular motion is su cien t for the
crystal to form. It is an open question whether the Lewis-Wahnstrém
OTP model exhibits such crystallization mechanism.

Invedigating the crystallization of the Wahnstrom binary Lennard-Jones
liquid in terms of Frank-Kasper bonds has translated a problem of pack-
ing into a problem of forming a network (Section 6.3). Howewer, more
work should be made on clarifying which clusters leed to crystallisation
and which do not. This invedigation may be comparedwith crystalliza-
tion of network forming liquids.
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App endix A

Calculations

A.1 Energy-pressure correlations in a soft-sphere liquid

In soft-sphereliquid where particles interact via a inversepower-law potential
1.

Uijpow = & Iy " (A1)

whererj; isthe distancebetweenparticle i andj, and a;; 's and bare constarts.
The total potential energyof a systemof N particles is

X
uPew = g (A.2)
i>j
The virial is given by X
1
W = é Fij Fij (A3)
ih
where q
Fij = auij = naij rij n (A.4)

is the force between particle i and j. Thus, virial is proportional to potential
energy
WP (t) = JTEUP" (1); (A5)

with a proportionality constart of
Wy = n=3 (A.6)
A.2 Fitting inverse power-law to th e generalized
Lennard-Jones potential
At distancers (rs < 1) wecan t and inversepower-law plus a constart,

U = ar P+ (A7)

INote that we here usesindex ij on the prefactor aj for the sake of generality. So perfect
correlation goesfor a poly-disp erse system as well as a mono-disp erse.
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A. Calcula tions

to the generalizedLennard-Jonespotential (having a global minimum of 1 at
r=1),
U =(r ™ mr ")xm n); (A.8)

by matching pair energy (U; ), virial (W;; = rd%Ui,- ) and hyper-virial (X; =

d W Fi X.IJ'J (rs) _ X.Tow(rs) disol h
rﬁ ij ) Irst, put Wi}__, ) W“m:fwm and Isolate the eXpOﬂert,

p=(mrg™ nrgM=(rg™  rg"): (A.9)
Then put Wi (rs) = W *"(rs) and isolate the pre-factor,
a=mn(rg™  rg™)E(m  n)prg Pl (A.10)
Finaly put Ui’ (rs) = UP®"(rs) to get the constart,
c=(nrg™ mrg™)=(m n) arg®: (A.11)
If pis known and not rg, then isolate rg from equation A.9,
rs=[(n p=m pp=" ™ (A.12)

The inverse power-law tted to the standard Lennard-Jonespotential (with
m = 12andn = 6) at the charadteristic distancers = 2 '=° whereU} (r5) = 0
is
1 4
pow _ 18 .
Rescalingthe Lennard-Jones potential to get the minimum to 217 (r0= 21%6r)
we get

(A.13)

201, 4 (A.14)

pow _
Uit T3 3

shown on Figure 3.1 page 20.
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